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Preface

IN ISSUING THIS VOLUME of myMathematicalPuzzles,of whichsome
have appearedin periodicalsandothersaregiven herefor the �rst

time, I mustacknowledgetheencouragementthat I have receivedfrom
many unknowncorrespondents,athomeandabroad,whohaveexpressed
a desireto have theproblemsin a collectedform, with someof theso-
lutionsgivenat greaterlengththanis possiblein magazinesandnews-
papers.ThoughI have includeda few old puzzlesthathave interested
theworld for generations,whereI felt that therewassomethingnew to
besaidaboutthem,theproblemsarein themainoriginal. It is truethat
someof thesehave becomewidely known throughthe press,andit is
possiblethatthereadermaybegladto know their source.

On the questionof MathematicalPuzzlesin generalthereis, perhaps,
little moreto besaidthanI have written elsewhere. Thehistoryof the
subjectentailsnothingshortof the actualstory of the beginningsand
developmentof exactthinking in man.Thehistorianmuststartfrom the
timewhenman�rst succeededin countinghisten�ngers andin dividing
anappleinto two approximatelyequalparts.Everypuzzlethatis worthy
of considerationcanbereferredto mathematicsandlogic. Every man,
woman,andchild who tries to “reasonout” theanswerto thesimplest
puzzleis working,thoughnotof necessityconsciously, onmathematical
lines. Even thosepuzzlesthat we have no way of attackingexceptby
haphazardattemptscanbe broughtundera methodof what hasbeen
called“glori�ed trial” —asystemof shorteningour laboursby avoiding
or eliminatingwhatour reasontells usis useless.It is, in fact,not easy
to saysometimeswherethe“empirical” beginsandwhereit ends.

Whenamansays,“I haveneversolvedapuzzlein my life,” it is dif�cult
to know exactlywhathemeans,for every intelligentindividual is doing
it every day. The unfortunateinmatesof our lunatic asylumsaresent
thereexpresslybecausethey cannotsolve puzzles-becausethey have
lost their powers of reason. If therewere no puzzlesto solve, there
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viii SEL ECTED PUZZL ES

wouldbenoquestionsto ask;andif therewerenoquestionsto beasked,
what a world it would be! We shouldall be equallyomniscient,and
conversationwouldbeuselessandidle.

It is possiblethatsomefew exceedinglysober-mindedmathematicians,
who areimpatientof any terminologyin their favouritesciencebut the
academic,andwho object to the elusive x andy appearingunderany
othernames,will havewishedthatvariousproblemshadbeenpresented
in a lesspopulardressandintroducedwith a less�ippant phraseology.
I canonly refer themto the�rst word of my title andremindthemthat
we areprimarily out to beamused-not,it is true,without somehopeof
picking up morselsof knowledgeby the way. If the manneris light, I
canonly say, in thewordsof Touchstone,thatit is “an ill-f avouredthing,
sir, but my own; apoorhumourof mine,sir.”

As for thequestionof dif�culty , someof thepuzzles,especiallyin the
ArithmeticalandAlgebraicalcategory, arequiteeasy. Yetsomeof those
examplesthatlook thesimplestshouldnotbepassedoverwithoutalittle
consideration,for now andagainit will befoundthatthereis somemore
or lesssubtlepitfall or trap into which thereadermaybeapt to fall. It
is goodexerciseto cultivatethehabitof beingvery wary over theexact
wordingof a puzzle.It teachesexactitudeandcaution.But someof the
problemsarevery hardnutsindeed,andnot unworthy of the attention
of theadvancedmathematician.Readerswill doubtlessselectaccording
to their individual tastes.

In many casesonly themereanswersaregiven. This leavesthebegin-
ner somethingto do on his own behalf in working out the methodof
solution,andsavesspacethatwould bewastedfrom thepoint of view
of the advancedstudent.On the otherhand,in particularcaseswhere
it seemedlikely to interest,I have given ratherextensive solutionsand
treatedproblemsin a generalmanner. It will often be found that the
noteson oneproblemwill serve to elucidatea goodmany othersin the
book;sothatthereader'sdif�culties will sometimesbefoundclearedup
asheadvances.Whereit is possibleto saya thing in amannerthatmay
be “understandedof the people”generally, I prefer to usethis simple
phraseology, andsoengagetheattentionandinterestof a largerpublic.
The mathematicianwill in suchcaseshave no dif�culty in expressing
thematterunderconsiderationin termsof his familiar symbols.

I have taken the greatestcarein readingthe proofs,andtrust that any
errorsthatmayhave creptin arevery few. If any suchshouldoccur, I
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Preface ix

canonly plead,in the wordsof Horace,that “good Homersometimes
nods,” or, as the bishopput it, “Not even the youngestcuratein my
dioceseis infallible.”

I haveto expressmy thanksin particularto theproprietorsof TheStrand
Magazine, Cassell's Magazine, The Queen, Tit-Bits, and The Weekly
Dispatch for theircourtesyin allowing meto reprintsomeof thepuzzles
thathaveappearedin theirpages.

THE AUTHORS' CLUB
March 25,1917
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Arithmetical And Algebraic
Problems

Money Puzzles

“Put not your trustin money, but put yourmoney in trust.”
OliverWendellHolmes

ChineseMoney
TheChineseareacuriouspeople,
andhavestrangeinvertedwaysof
doing things. It is said that they
usea saw with an upward pres-
sureinsteadof a downward one,
that they plane a deal board by
pulling thetool towardtheminsteadof pushingit, andthatin building a
housethey �rst constructtheroof and,having raisedthat into position,
proceedto work downwards.In money thecurrency of thecountrycon-
sistsof taelsof �uctuating value. The taelbecamethinnerandthinner
until 2,000of thempiled togethermadelessthanthreeinchesin height.
Thecommoncashconsistsof brasscoinsof varyingthicknesses,with a
round,square,or triangularholein thecentre,asin our illustration.

Theseare strungon wires like buttons. Supposingthat eleven coins
with roundholesareworth �fteen ching-changs,thatelevenwith square
holesare worth sixteenching-changs,and that eleven with triangular
holesareworth seventeenching-changs,how cana Chinamangive me
changefor half acrown, usingnocoinsotherthanthethreementioned?
A ching-changis worthexactly twopenceandfour-�fteenthsof aching-
chang.

1



2 SEL ECTED PUZZL ES

Clock Puzzles

ChangingPlaces

The above clock faceindicatesa
little before 42 minutes past 4.
Thehandswill again point at ex-
actly the samespotsa little after
23 minutespast 8. In fact, the
handswill have changedplaces.
How many times do the hands
of a clock changeplacesbetween
threeo'clock p.m. andmidnight?
And out of all the pairsof times
indicatedby thesechanges,what
is theexacttime whentheminute
handwill be nearestto the point
IX?

The Club Clock

Oneof thebig clocksin theCog-
itators' Club wasfound theother
night to have stoppedjust when,
as will be seen in the illustra-
tion, the secondhand was ex-
actly midway betweenthe other
two hands. Oneof the members
proposedto someof his friends
thatthey shouldtell him theexact
time when (if the clock had not
stopped)the secondhandwould
next again have beenmidway be-
tweentheminutehandandthehourhand.Canyou �nd thecorrecttime
thatit wouldhappen?
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ArithmeticalAnd AlgebraicProblems 3

The StopWatch

We have herea stop-watch with
three hands. The secondhand,
which travelsonceroundtheface
in a minute, is the one with the
little ring at its endnearthe cen-
tre. Our dial indicatesthe ex-
act time when its owner stopped
the watch. You will notice that
thethreehandsarenearlyequidis-
tant. The hour andminutehands
point to spotsthat are exactly a
third of the circumferenceapart,
but thesecondhandis a little too
advanced.An exact equidistance
for thethreehandsis notpossible.
Now, we want to know what the
timewill bewhenthethreehandsarenext atexactly thesamedistances
asshown from oneanother. Canyoustatethetime?
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Geometricalproblems

DissectionPuzzles

“Takehim andcuthim out in little stars.”
RomeoandJuliet, iii. 2.

Puzzleshave in�nite variety, but perhapsthereis no classmoreancient
thandissection,cutting-out,or superpositionpuzzles. They werecer-
tainly known to theChineseseveralthousandyearsbeforetheChristian
era.And they arejustasfascinatingto-dayasthey canhavebeenatany
periodof their history. It is supposedby thosewho have investigated
the matterthat the ancientChinesephilosophersusedthesepuzzlesas
a sort of kindergartenmethodof impartingthe principlesof geometry.
Whetherthis wassoor not, it is certainthatall gooddissectionpuzzles
(for thenurserytypeof jig-saw puzzle,whichmerelyconsistsin cutting
up a pictureinto piecesto beput togetheragain, is not worthy of seri-
ousconsideration)arereallybasedongeometricallaws. Thisstatement
neednot,however, frightenoff thenovice, for it meanslittle morethan
this, that geometrywill give us the “reasonwhy,” if we are interested
in knowing it, thoughthesolutionsmayoftenbediscoveredby any in-
telligent personafter the exerciseof patience,ingenuity, andcommon
sagacity.

If we want to cut oneplane�gure into partsthat by readjustmentwill
form another�gure, the �rst thing is to �nd a way of doing it at all,
andthento discover how to do it in thefewestpossiblepieces.Oftena
dissectionproblemis quiteeasyapartfrom this limitation of pieces.At
thetimeof thepublicationin theWeeklyDispatch, in 1902,of amethod
of cuttinganequilateraltriangleinto four partsthatwill form a square
(seeNo. 26, “Canterbury Puzzles”),no geometricianwould have had

5



6 SEL ECTED PUZZL ES

any dif�culty in doingwhat is requiredin � ve pieces:thewholepoint
of thediscovery lay in performingthelittle featin four piecesonly.

Mere approximationsin the caseof theseproblemsarevalueless;the
solutionmustbegeometricallyexact,or it is not a solutionat all. Fal-
laciesarecroppingup now andagain,andI shallhave occasionto refer
to oneor two of these. They are interestingmerelyas fallacies. But
I want to saysomethingon two little pointsthat arealwaysarisingin
cutting-outpuzzles-thequestionsof “hangingby a thread”and“turning
over.” Thesepointscanbestbeillustratedby a puzzlethatis frequently
to befoundin theold books,but invariablywith a falsesolution.

The puzzle is to cut the �gure
shown in Fig. 1 into threepieces
that will �t together and form
a half-squaretriangle. The an-
swer that is invariably given is
that shown in Figs. 1 and 2.
Now, it is claimed that the four
piecesmarked C are really only
onepiece,becausethey may be so cut that they are left “hanging to-
getherby a merethread.” But no seriouspuzzlelover will ever admit
this. If thecut is madesoasto leave thefour piecesjoinedin one,then
it cannotresultin a perfectlyexact solution. If, on theotherhand,the
solutionis to beexact,thentherewill befour pieces-orsix piecesin all.
It is, therefore,notasolutionin threepieces.

If, however, the readerwill look
at thesolutionin Figs.3 and4, he
will seethatno suchfault canbe
found with it. Thereis no ques-
tion whatever that therearethree
pieces,andthe solutionis in this
respectquitesatisfactory. But an-
other questionarises. It will be
found on inspectionthat the piecemarked F, in Fig. 3, is turnedover
in Fig. 4–thatis to say, a differentsidehasnecessarilyto bepresented.
If the puzzlewere merely to be cut out of cardboardor wood, there
might be no objectionto this reversal,but it is quite possiblethat the
materialwould not admitof beingreversed.Theremight bea pattern,
a polish,a differenceof texture,thatpreventsit. But it is generallyun-
derstoodthat in dissectionpuzzlesyou areallowed to turn piecesover
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GeometricalProblems 7

unlessit is distinctly statedthat you may not do so. And very often a
puzzleis greatly improved by the addedcondition, “no piecemay be
turnedover.” I have oftenmadepuzzles,too, in which thediagramhas
a small repeatedpattern,andthepieceshave thenso to becut thatnot
only is thereno turningover, but thepatternhasto bematched,which
cannotbedoneif thepiecesareturnedround,evenwith theproperside
uppermost.

Beforepresentingavariedseriesof cutting-outpuzzles,someveryeasy
andothersdif�cult, I proposeto consideronefamily alone–thoseprob-
lemsinvolving what is known astheGreekcrosswith thesquare.This
will exhibit a greatvarietyof curioustranspositions,and,by having the
solutionsaswe go along,thereaderwill besavedthetroubleof perpet-
ually turningto anotherpartof thebook,andwill haveeverythingunder
his eye. It is hopedthat in this way the article may prove somewhat
instructive to thenoviceandinterestingto others.

GreekCrossPuzzles

“To fret thy soulwith crosses.”
Spenser.

“But, for my part,it wasGreekto me.”
JuliusCæsar, i. 2.

Fig. 5.

Many peopleare accustomedto
consider the cross as a wholly
Christian symbol. This is erro-
neous: it is of very greatantiq-
uity. The ancientEgyptiansem-
ployed it asa sacredsymbol,and
on Greeksculptureswe �nd rep-
resentationsof a cake (the sup-
posedrealorigin of our hot cross
buns)bearinga cross. Two such
cakeswerediscoveredatHercula-
neum. Cecropsofferedto Jupiter
Olympusasacredcakeor bounof
this kind. Thecrossandball, so frequentlyfoundon Egyptian�gures,
is a circle andthetaucross.Thecircle signi�ed theeternalpreserver of

http://4DLab.info



8 SEL ECTED PUZZL ES

theworld, andtheT, namedfrom theGreeklettertau,is themonogram
of Thoth,theEgyptianMercury, meaningwisdom.Thistaucrossis also
calledby Christiansthecrossof St. Anthony, andis borneon a badge
in thebishop'spalaceatExeter. As for theGreekor mundanecross,the
crosswith four equalarms,we aretold by competentantiquariesthat it
wasregardedby ancientoccultistsfor thousandsof yearsasasignof the
dualforcesof Nature–themaleandfemalespirit of everythingthatwas
everlasting.

TheGreekcross,asshown in Fig.
5, is formedby theassemblingto-
getherof � ve equalsquares.We
will start with what is known
as the Hindu problem,supposed
to be upwardsof threethousand
yearsold. It appearsin the seal
of Harvard College, and is often
given in old works assymbolical
of mathematicalscienceandexactitude.Cut thecrossinto � vepiecesto
form a square.Figs.6 and7 show how this is done.It wasnot until the
middleof thenineteenthcenturythatwe foundthat thecrossmight be
transformedinto a squarein only four pieces.Figs. 8 and9 will show
how to do it, if we further requirethe four piecesto beall of thesame
size and shape. This Fig. 9 is remarkablebecause,accordingto Dr.
Le Plongeonandothers,asexpoundedin a work by ProfessorWilson
of the SmithsonianInstitute,herewe have the greatSwastika,or sign,
of “good luck to you ” –themostancientsymbolof thehumanraceof
which thereis any record.

Professor Wilson's work gives
some four hundred illustrations
of this curious sign as found in
theAztecmoundsof Mexico, the
pyramids of Egypt, the ruins of
Troy, andtheancientloreof India
andChina.Onemight almostsay
thereis acuriousaf�nity between
theGreekcrossandSwastika! If,
however, we requirethat thefour piecesshallbeproducedby only two
clipsof thescissors(assumingthepuzzleis in paperform), thenwemust
cutasin Fig. 10 to form Fig. 11, the�rst clip of thescissorsbeingfrom

http://4DLab.info



GeometricalProblems 9

a to b. Of coursefolding thepaper, or holdingthepiecestogetherafter
the �rst cut, would not in this casebeallowed. But thereis an in�nite
numberof differentwaysof makingthecutsto solve thepuzzlein four
pieces.To thispoint I proposeto return.

It will be seen that every one
of thesepuzzleshas its reverse
puzzle–tocutasquareinto pieces
to form a Greekcross. But as a
squarehasnot somany anglesas
thecross,it is not alwaysequally
easy to discover the true direc-
tions of the cuts. Yet in the case
of theexamplesgiven,I will leave
thereaderto determinetheirdirectionfor himself,asthey areratherob-
viousfrom thediagrams.

Cut a squareinto � ve piecesthat
will form two separateGreek
crossesof different sizes. This is
quite an easypuzzle. As will be
seenin Fig. 12, we have only
to divide our squareinto 25 lit-
tle squaresandthencutasshown.
ThecrossA is cut out entire,and
thepiecesB, C, D, andE form the largercrossin Fig. 13. The reader
may herelike to cut the singlepiece,B, into four piecesall similar in
shapeto itself, andform a crosswith themin themannershown in Fig.
13. I hardlyneedgive thesolution.

Cut a squareinto � ve piecesthat
will form two separateGreek
crossesof exactly the samesize.
This is more dif�cult. We make
the cutsasin Fig. 14, wherethe
crossA comesout entireandthe
otherfour piecesform thecrossin
Fig. 15. Thedirectionof thecuts
is prettyobvious. It will beseenthat thesidesof thesquarein Fig. 14
aremarkedoff into six equalparts.Thesidesof thecrossarefoundby
ruling linesfrom certainof thesepointsto others.

http://4DLab.info



10 SEL ECTED PUZZL ES

I will now explain, asI promised,why a Greekcrossmay be cut into
four piecesin an in�nite numberof differentways to make a square.
Draw a cross,asin Fig. 16. Thendraw on transparentpaperthesquare
shown in Fig. 17, taking carethat the distancec to d is exactly the
sameas the distancea to b in the cross. Now placethe transparent
paperover thecrossandslide it aboutinto differentpositions,only be
very carefulalways to keepthe squareat the sameangleto the cross
asshown, wherea b is parallelto c d. If you placethepoint c exactly
over a the lines will indicatethe solution (Figs. 10 and 11). If you
placec in thevery centreof thedottedsquare,it will give thesolution
in Figs. 8 and 9. You will now seethat by sliding the squareabout
so that the point c is alwayswithin the dottedsquareyou may get as
many differentsolutionsasyou like; because,sincean in�nite number
of differentpointsmaytheoreticallybeplacedwithin this square,there
mustbean in�nite numberof differentsolutions.But thepoint c need
notnecessarilybeplacedwithin thedottedsquare.It maybeplaced,for
example,at point e to give a solutionin four pieces.Herethejoins at a
andf maybeasslenderasyou like. Yet if you oncegetover theedge
at a or f you no longerhave a solutionin four pieces.This proof will
befoundbothentertainingandinstructive. If youdonothappento have
any transparentpaperat hand,any thin paperwill of coursedo if you
hold thetwo sheetsagainstapaneof glassin thewindow.

It may have been noticed from
the solutionsof the puzzlesthat
I have given that the side of the
squareformed from the crossis
alwaysequalto the distancea to
b in Fig. 16. This mustnecessar-
ily be so,andI will presentlytry
to make thepointquiteclear.

We will now go onestepfurther.
I have alreadysaid that the ideal
solutionto a cutting-outpuzzleis alwaysthatwhich requiresthefewest
possiblepieces.Wehavejustseenthattwo crossesof thesamesizemay
becut out of a squarein � ve pieces.Thereaderwho succeededin solv-
ing this perhapsaskedhimself: “Can it bedonein fewer pieces?”This
is just the sort of questionthat the true puzzlelover is alwaysasking,
andit is theright attitudefor him to adopt.Theanswerto thequestionis
that thepuzzlemaybesolvedin four pieces–thefewestpossible.This,

http://4DLab.info



GeometricalProblems 11

then,is a new puzzle.Cut a squareinto four piecesthatwill form two
Greekcrossesof thesamesize.

The solutionis very beautiful. If
you divide by pointsthe sidesof
the squareinto threeequalparts,
the directionsof the lines in Fig.
18 will be quite obvious. If you
cutalongtheselines,thepiecesA
andB will form the crossin Fig.
19andthepiecesC andD thesimilarcrossin Fig. 20. In thissquarewe
haveanotherform of Swastika.

Thereaderwill hereappreciatethetruth of my remarkto theeffect that
it is easierto �nd thedirectionsof thecutswhentransformingacrossto
asquarethanwhenconvertingasquareinto across.Thus,in Figs.6, 8,
and10thedirectionsof thecutsaremoreobviousthanin Fig. 14,where
we had�rst to divide thesidesof thesquareinto six equalparts,andin
Fig. 18, wherewe divide theminto threeequalparts.Then,supposing
youwererequiredto cut two equalGreekcrosses,eachinto two pieces,
to form a square,a glanceat Figs. 19 and20 will show how absurdly
moreeasythis is thanthe reversepuzzleof cutting thesquareto make
two crosses.

Referringto my remarkson “f allacies,” I will now give a little exam-
ple of these“solutions” thatarenot solutions.Someyearsagoa young
correspondentsentme what he evidently thoughtwas a brilliant new
discovery–thetransformingof asquareinto aGreekcrossin four pieces
by cutsall parallelto thesidesof thesquare.I give his attemptin Figs.
21 and22,whereit will beseenthatthefour piecesdo not form a sym-
metricalGreekcross,becausethe four armsarenot really squaresbut
oblongs.To make it a trueGreekcrosswe shouldrequiretheadditions
that I have indicatedwith dottedlines. Of coursehis solutionproduces
a cross,but it is not thesymmetricalGreekvarietyrequiredby thecon-
ditions of the puzzle. My youngfriend thoughthis attemptwas“near
enough”to be correct;but if he boughta penny applewith a sixpence
he probablywould not have thoughtit “near enough”if he had been
givenonly fourpencechange.As thereaderadvanceshewill realizethe
importanceof thisquestionof exactitude.

http://4DLab.info



12 SEL ECTED PUZZL ES

In thesecutting-outpuzzlesit is
necessarynot only to get the di-
rectionsof thecuttinglinesascor-
rectaspossible,but to remember
that theselineshave no width. If
aftercuttinguponeof thecrosses
in a mannerindicatedin thesear-
ticles you �nd that the piecesdo
not exactly �t to form a square,
youmaybecertainthatthefault is entirelyyourown. Eitheryourcross
wasnot exactly drawn, or your cutswerenot madequite in the right
directions,or (if you usedwoodanda fret–saw) your saw wasnot suf-
�ciently �ne. If you cut out the puzzlesin paperwith scissors,or in
cardboardwith a penknife,no materialis lost; but with a saw, however
�ne, thereis acertainloss.In thecaseof mostpuzzlesthisslight lossis
not suf�cient to beappreciable,if thepuzzleis cut out on a largescale,
but therehavebeeninstanceswhereI havefoundit desirableto draw and
cut out eachpartseparately–notfrom onediagram–inorderto produce
aperfectresult.
Now for anotherpuzzle. If you
have cut out the � ve piecesindi-
catedin Fig. 14,youwill �nd that
thesecanbeput togethersoasto
form the curiouscrossshown in
Fig. 23. So if I asked you to cut
Fig. 24into � vepiecesto form ei-
ther a squareor two equalGreek
crossesyou would know how to do it. You would make the cutsasin
Fig. 23,andplacethemtogetherasin Figs.14and15. But I wantsome-
thing betterthanthat, andit is this. Cut Fig. 24 into only four pieces
thatwill �t togetherandform asquare.

The solution to the puzzle is
shown in Figs.25and26. Thedi-
rectionof the cut dividing A and
C in the �rst diagramis very ob-
vious,andthesecondcut is made
at right angles to it. That the
four piecesshould�t togetherand
form a squarewill surprisethe
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GeometricalProblems 13

novice, who will do well to study the puzzlewith somecare,as it is
mostinstructive.

I will now explainthebeautifulruleby whichwedeterminethesizeof a
squarethatshallhavethesameareaasaGreekcross,for it is applicable,
andnecessary, to thesolutionof almostevery dissectionpuzzlethatwe
meetwith. It was�rst discoveredby thephilosopherPythagoras,who
died500B.C.,andis the47thpropositionof Euclid. Theyoungreader
who knows nothingof theelementsof geometrywill get someideaof
the fascinatingcharacterof that science.The triangleABC in Fig. 27
is what we call a right-angledtriangle,becausethe sideBC is at right
anglesto thesideAB. Now if we build up a squareon eachsideof the
triangle, the squareson AB andBC will togetherbe exactly equalto
thesquareon the long sideAC, which we call thehypotenuse.This is
proved in the caseI have given by subdividing the threesquaresinto
cellsof equaldimensions.

It will beseenthat9 addedto 16
equals25, the numberof cells in
the largesquare.If you make tri-
angleswith the sides5, 12 and
13,or with 8, 15 and17,you will
get similar arithmetical proofs,
for theseare all “rational” right-
angled triangles, but the law is
equally true for all cases. Supposingwe cut off the lower arm of a
Greekcrossandplaceit to theleft of theupperarm,asin Fig. 28, then
thesquareon EF addedto thesquareon DE exactly equalsa squareon
DF. Thereforeweknow thatthesquareof DF will containthesamearea
asthecross.This factwehaveprovedpracticallyby thesolutionsof the
earlierpuzzlesof thisseries.But whatever lengthwegiveto DE andEF,
we cannever give the exact lengthof DF in numbers,becausethe tri-
angleis not a “rational' one.But thelaw is nonethelessgeometrically
true.
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Now look atFig. 29,andyouwill
seeanelegantmethodfor cutting
a pieceof wood of the shapeof
two squares(of any relative di-
mensions)into three piecesthat
will �t togetherandform a single
square. If you mark off the dis-
tanceab equalto the sidecd the
directionsof the cutsarevery evident. From what we have just been
considering,you will at onceseewhy bc mustbethelengthof theside
of the new square. Make the experimentasoften asyou like, taking
differentrelative proportionsfor the two squares,andyou will �nd the
rulealwayscometrue. If youmake thetwo squaresof exactly thesame
size,you will seethatthediagonalof any squareis alwaysthesideof a
squarethat is twice thesize. All this, which is sosimplethatanybody
canunderstandit, is veryessentialto thesolvingof cutting-outpuzzles.
It is in fact the key to mostof them. And it is all so beautiful that it
seemsapity thatit shouldnotbefamiliar to everybody.
We will now go one step fur-
theranddealwith thehalf-square.
Take a squareand cut it in half
diagonally. Now try to discover
how to cut this triangle into four
pieces that will form a Greek
cross. The solution is shown in
Figs. 31 and 32. In this caseit
will beseenthatwedivide two of
thesidesof thetriangleinto threeequalpartsandthelongsideinto four
equalparts. Thenthedirectionof thecutswill beeasilyfound. It is a
pretty puzzle,anda little moredif�cult thansomeof the othersthat I
have given. It shouldbenotedagain that it would have beenmucheas-
ier to locatethecutsin thereversepuzzleof cuttingthecrossto form a
half-squaretriangle.
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Another ideal that the puzzle
maker alwayskeepsin mind is to
contrive that there shall, if pos-
sible, be only one correct solu-
tion. Thus,in thecaseof the�rst
puzzle, if we only requirethat a
Greekcrossshallbecut into four
piecesto form a square,thereis,
asI have shown, an in�nite num-
berof differentsolutions.It makesa betterpuzzleto addthecondition
that all the four piecesshall be of the samesizeandshape,becauseit
canthenbesolvedin only oneway, asin Figs.8 and9. In thisway, too,
a puzzlethat is too easyto be interestingmaybe improvedby suchan
addition.Let ustake anexample.We have seenin Fig. 28 thatFig. 33
canbecut into two piecesto form aGreekcross.I supposeanintelligent
child would do it in � ve minutes. But supposewe saythat the puzzle
hasto besolvedwith apieceof woodthathasabadknot in theposition
shown in Fig. 33–aknot thatwe mustnot attemptto cut through–then
asolutionin two piecesis barredout,andit becomesamoreinteresting
puzzleto solve it in threepieces.I have shown in Figs. 33 and34 one
way of doing this, and it will be found entertainingto discover other
waysof doing it. Of courseI couldbarout all theseotherwaysby in-
troducingmoreknots,andsoreducethepuzzleto a singlesolution,but
it would thenbeoverloadedwith conditions.
And this bringsus to anotherpoint in seekingthe ideal. Do not over-
loadyour conditions,or you will make your puzzletoo complex to be
interesting.Thesimplertheconditionsof a puzzleare,thebetter. The
solutionmaybeascomplex anddif�cult asyou like,or ashappens,but
theconditionsoughtto beeasilyunderstood,or peoplewill not attempt
asolution.

If thereaderwerenow asked“to cut a half-squareinto asfew piecesas
possibleto form a Greekcross,” he would probablyproduceour solu-
tion, Figs. 31-32,andcon�dently claim that he hadsolved the puzzle
correctly. In this way hewould bewrong,becauseit is not now stated
that thesquareis to bedivideddiagonally. Althoughwe shouldalways
observe theexactconditionsof a puzzlewe mustnot readinto it condi-
tionsthatarenot there.Many puzzlesarebasedentirelyonthetendency
thatpeoplehave to do this.
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Thevery �rst essentialin solvinga puzzleis to besurethatyou under-
standthe exact conditions.Now, if you dividedyour squarein half so
asto produceFig. 35 it is possibleto cut it into asfew asthreepiecesto
form aGreekcross.We thussaveapiece.

I give anotherpuzzlein Fig. 36.
Thedottedlinesareaddedmerely
to show the correct proportions
of the �gure–a squareof 25 cells
with thefour cornercellscut out.
The puzzle is to cut this �gure
into � ve piecesthat will form a
Greekcross(entire)andasquare.

Thesolutionto the�rst of thetwo
puzzleslast given–tocut a rectangleof the shapeof a half-squareinto
threepiecesthatwill form a Greekcross–isshown in Figs. 37 and38.
It will beseenthatwe divide thelong sidesof theoblonginto six equal
partsandtheshortsidesinto threeequalparts,in orderto getthepoints
thatwill indicatethedirectionof thecuts. The readershouldcompare
this solutionwith someof the previous illustrations. He will see,for
example,that if we continuethe cut that dividesB andC in the cross,
wegetFig. 15.

The otherpuzzle,like the oneil-
lustratedin Figs. 12 and13, will
show how useful a little arith-
metic may sometimesprove to
be in the solution of dissection
puzzles. There are twenty-one
of those little squarecells into
which our �gure is subdivided,
from which we have to form both
asquareandaGreekcross.Now, asthecrossis built upof � vesquares,
and5 from 21 leaves16–asquarenumber–weoughteasilyto be led to
the solutionshown in Fig. 39. It will be seenthat the crossis cut out
entire,while thefour remainingpiecesform thesquarein Fig. 40.
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Of coursea half-squarerectangle
is the sameas a double square,
or two equal squaresjoined to-
gether. Therefore, if you want
to solve the puzzle of cutting a
Greek cross into four piecesto
form two separatesquaresof the
samesize,all you have to do is to
continuethe short cut in Fig. 38 right acrossthe cross,andyou will
have four piecesof the samesizeandshape.Now divide Fig. 37 into
two equalsquaresby a horizontalcut midway andyou will seethefour
piecesforming thetwo squares.
Cut a Greek cross into � ve
piecesthatwill form two separate
squares,oneof which shall con-
tain half the areaof one of the
armsof the cross. In further il-
lustrationof what I have already
written, if the two squaresof the
samesize A B C D and B C F
E, in Fig. 41, arecut in theman-
ner indicatedby the dottedlines,
thefour pieceswill form thelarge
squareA G E C.WethusseethatthediagonalA C is thesideof asquare
twice thesizeof A B C D. It is alsoclearthathalf thediagonalof any
squareis equalto thesideof a squareof half thearea.Therefore,if the
largesquarein thediagramis oneof thearmsof your cross,thesmall
squareis thesizeof oneof thesquaresrequiredin thepuzzle.

Thesolutionis shown in Figs. 42
and 43. It will be seenthat the
smallsquareis cut out wholeand
the large squarecomposedof the
four piecesB, C, D, and E. Af-
terwhatI havewritten, thereader
will have no dif�culty in seeing
that the squareA is half the size
of oneof thearmsof thecross,be-
causethelengthof thediagonalof theformeris clearlythesameasthe
sideof thelatter. Thethingis now self-evident. I havethustriedto show
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that someof thesepuzzlesthat many peopleareapt to regard asquite
wonderfulandbewildering,arereallynotdif�cult if only weusea little
thoughtandjudgment.In conclusionof thisparticularsubjectI will give
four Greekcrosspuzzles,with detachedsolutions.

The Silk Patchwork

Thelady membersof theWilkin-
son family had made a sim-
ple patchwork quilt, as a small
Christmaspresent,all composed
of squarepiecesof thesamesize,
as shown in the illustration. It
only lackedthefour cornerpieces
to make it complete. Somebody
pointedoutto themthatif youun-
pickedtheGreekcrossin themid-
dleandthencut thestitchesalong
the dark joins, the four piecesall
of thesamesizeandshapewould �t togetherandform a square.This
thereaderknows, from thesolutionin Fig. 39, is quiteeasilydone.But
GeorgeWilkinson suddenlysuggestedto themthis poser. He said,“In-
steadof picking out thecrossentire,andforming thesquarefrom four
equalpieces,canyou cut out a squareentireandfour equalpiecesthat
will form a perfectGreekcross?” The puzzleis, of course,now quite
easy.

An EasyDissectionPuzzle

First, cut out a pieceof paperor
cardboardof the shapeshown in
the illustration. It will be seenat
oncethattheproportionsaresim-
ply thoseof a squareattachedto
half of anothersimilar square,di-
videddiagonally. Thepuzzleis to
cut it into four piecesall of pre-
ciselythesamesizeandshape.
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An EasySquarePuzzle

If you take a rectangularpiece
of cardboard,twice as long as
it is broad, and cut it in half
diagonally, you will get two of
the piecesshown in the illustra-
tion. Thepuzzleis with � ve such
pieces of equal size to form a
square.Oneof thepiecesmaybe
cut in two, but theothersmustbeusedintact.

The Bun Puzzle

The threecircles representthree
buns,andit is simply requiredto
show how thesemay be equally
divided among four boys. The
bunsmustberegardedasof equal
thicknessthroughoutandof equalthicknessto eachother. Of course,
they mustbe cut into as few piecesaspossible. To simplify it I will
statetherathersurprisingfact thatonly � ve piecesarenecessary, from
which it will beseenthatoneboy getshis sharein two piecesandthe
otherthreereceive theirs in a singlepiece. I am awarethat this state-
ment “givesaway” the puzzle,but it shouldnot destroy its interestto
thosewho like to discover the“reasonwhy.”

The ChocolateSquares

Here is a slab of chocolate,in-
dentedat the dottedlines so that
the twenty squarescan be easily
separated. Make a copy of the
slab in paper or cardboardand
thentry to cut it into nine pieces
sothatthey will form four perfect
squaresall of exactly the same
size.
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DissectingA Mitr e

The �gure that is perplexing the
carpenterin the illustration rep-
resentsa mitre. It will be seen
that its proportionsarethoseof a
squarewith onequarterremoved.
The puzzle is to cut it into � ve
piecesthat will �t togetherand
form a perfectsquare.I show an
attempt,publishedin America,to performthefeatin four pieces,based
onwhatis known asthe“stepprinciple,” but it is a fallacy.
We are told �rst to cut oft the pieces1 and2 andpack theminto the
triangularspacemarkedoff by thedottedline, andsoform arectangle.

So far, so good. Now, we aredi-
rectedto apply the old stepprin-
ciple, asshown, and,by moving
down the piece4 onestep,form
the requiredsquare. But, unfor-
tunately, it does not producea
square:only an oblong. Call the
three long sidesof the mitre 84
in. each. Then, before cutting
the steps,our rectanglein three
pieceswill be84� 63. Thesteps
must be 101

2 in. in height and
12 in. in breadth. Therefore,by
moving down astepwereduceby 12 in. theside84 in. andincreaseby
10½in. theside63 in. Henceour �nal rectanglemustbe72 in. � 731

2
in., which certainlyis not a square!The fact is, the stepprinciple can
only be appliedto rectangleswith sidesof particularrelative lengths.
For example,if the shortersidein this casewere615

5 (insteadof 63),
thenthestepmethodwouldapply. For thestepswould thenbe102/7in.
in heightand12in. in breadth.Notethat615

7 � 84=thesquareof 72. At
presentno solutionhasbeenfound in four pieces,andI do not believe
onepossible.
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The Joiner'sProblem

I have often had occasionto re-
mark on the practical utility of
puzzles,arisingoutof anapplica-
tion to theordinaryaffairsof life
of the little tricks and“wrinkles”
thatwe learnwhile solvingrecre-
ationproblems.
The joiner, in the illustration,
wants to cut the piece of wood
into as few pieces as possible
to form a squaretable-top,with-
out any wasteof material. How
shouldhegoto work?How many
pieceswouldyou require?

Another Joiner'sProblem

A joiner hadtwo piecesof wood
of theshapesandrelative propor-
tions shown in the diagram. He
wished to cut them into as few
pieces as possible so that they
could be �tted together, without
waste,to form a perfectlysquare
table-top. How should he have
doneit? Thereis no necessityto
give measurements,for if thesmallerpiece(which is half a square)be
madea little too largeor a little too small it will not affect themethod
of solution.
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A Cutting-out Problem

Here is a little cutting-outposer.
I take a strip of paper, measuring
� ve inchesby one inch, and, by
cuttingit into � vepieces,theparts
�t togetherandform a square,as
shown in the illustration. Now, it is quite an interestingpuzzleto dis-
coverhow wecando this in only four pieces.

Mrs. Hobson'sHearthrug

Mrs. Hobson's boy hadan acci-
dent when playing with the �re,
and burnt two of the cornersof
a pretty hearthrug.The damaged
cornershavebeencutaway, andit
now hasthe appearanceandpro-
portions shown in my diagram.
How is Mrs. Hobsonto cut the
ruginto thefewestpossiblepieces
that will �t togetherand form a
perfectlysquarerug? It will be seenthat the rug is in the proportions
36� 27 (it doesnot matterwhetherwe sayinchesor yards),andeach
piececutawaymeasured12and6 on theoutside
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The PentagonAnd The Square

I wonderhow many of my read-
ers,amongstthosewho have not
givenany closeattentionto theel-
ementsof geometry, could draw
a regular pentagon,or � ve-sided
�gure, if they suddenlyrequired
to do so. A regular hexagon,or
six-sided�gure, is easyenough,
for everybodyknows thatall you
have to do is to describea circle
andthen,taking the radiusasthe
length of one of the sides,mark
off the six points round the cir-
cumference.But a pentagonis quiteanothermatter. So,asmy puzzle
hasto do with the cutting up of a regular pentagon,it will perhapsbe
well if I �rst show my lessexperiencedreadershow this �gure is to be
correctlydrawn. Describeacircleanddraw thetwo linesH B andD G,
in thediagram,throughthecentreat right angles.Now �nd thepointA,
midway betweenC andB. Next placethepoint of your compassesat A
andwith thedistanceA D describethearccuttingH B atE. Thenplace
the point of your compassesat D andwith the distanceD E describe
thearccutting thecircumferenceat F. Now, D F is oneof thesidesof
your pentagon,andyou have simply to mark off the othersidesround
thecircle. Quitesimplewhenyou know how, but otherwisesomewhat
of aposer.
Having formed your pentagon,the puzzleis to cut it into the fewest
possiblepiecesthatwill �t togetherandform aperfectsquare.
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The DissectedTriangle

A good puzzleis that which the
gentlemanin the illustration is
showing to his friends. He has
simply cut out of paperan equi-
lateral triangle–thatis, a triangle
with all its threesidesof thesame
length. He proposesthat it shall
be cut into � ve piecesin sucha
way thatthey will �t togetherandform eithertwo or threesmallerequi-
lateraltriangles,usingall the materialin eachcase.Canyou discover
how thecutsshouldbemade?
Rememberthatwhenyouhavemadeyour � vepieces,youmustbeable,
asdesired,to putthemtogetherto form eitherthesingleoriginaltriangle
or to form two trianglesor to form threetriangles–allequilateral.

The Table-topAnd Stools

I have frequently had occasion
to show that the published an-
swersto a greatmany of theold-
estandmostwidely known puz-
zles are either quite incorrector
capableof improvement. I pro-
poseto considerthe old poserof
the table-topandstoolsthatmostof my readershave probablyseenin
someform or anotherin bookscompiledfor therecreationof childhood.
The story is told that an economicalandingeniousschoolmasteronce
wishedto convertacirculartable-top,for whichhehadnouse,into seats
for two oval stools,eachwith a hand-holein thecentre.He instructed
the carpenterto make the cuts as in the illustration and then join the
eight piecestogetherin the mannershown. So impressedwashe with
the ingenuityof his performancethathesetthepuzzleto his geometry
classasa little studyin dissection.But the remainderof the story has
never beenpublished,because,so it is said, it wasa characteristicof
theprincipalsof academiesthatthey would never admitthatthey could
err. I getmy informationfrom adescendantof theoriginalboy whohad
mostreasonto beinterestedin thematter.
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Theclever youthsuggestedmodestlyto themasterthat thehand-holes
were too big, and that a small boy might perhapsfall throughthem.
He thereforeproposedanotherway of makingthe cutsthat would get
over this objection.For his impertinencehereceivedsuchseverechas-
tisementthathebecameconvincedthat the larger thehand-holein the
stoolsthemorecomfortablemight they be.

The GreatMonad

Here is a symbol of tremendous
antiquity which is worthy of no-
tice. It is borne on the Ko-
rean ensign and merchant �ag,
and hasbeenadoptedas a trade
signby theNorthernPaci�c Rail-
road Company, thoughprobably
few areawarethat it is the Great
Monad, as shown in the sketch
below. This sign is to the Chi-
namanwhat the cross is to the
Christian. It is the sign of Deity
and eternity, while the two parts
into which the circle is divided
arecalledtheYin andtheYan–the
maleand femaleforcesof nature. A writer on the subjectmore than
threethousandyearsagois reportedto havesaidin referenceto it: “The
illimitable producesthegreatextreme.Thegreatextremeproducesthe
two principles.Thetwo principlesproducethefour quarters,andfrom
the four quarterswe develop the quadratureof the eight diagramsof
Feuh-hi.” I hopereaderswill not askmeto explain this, for I have not
the slightestideawhat it means.Yet I am persuadedthat for agesthe
symbolhashadoccultandprobablymathematicalmeaningsfor thees-
otericstudent.
I will introducetheMonadin its elementaryform. Herearethreeeasy
questionsrespectingthisgreatsymbol:–

(I.) Which hasthegreaterarea,the innercircle containingtheYin and
theYan,or theouterring?

(II.) Divide the Yin andthe Yan into four piecesof the samesizeand
shapeby onecut.
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(III.) Divide theYin andtheYan into four piecesof thesamesize,but
differentshape,by onestraightcut.

The SquareOf Veneer

The following representsa piece
of wood in my possession,5 in.
square.By markingson the sur-
faceit is divided into twenty-�ve
square inches. I want to dis-
cover a way of cutting this piece
of wood into the fewestpossible
piecesthat will �t togetherand
form two perfectsquaresof differentsizesandof known dimensions.
But, unfortunately, at every oneof thesixteenintersectionsof thecross
linesa smallnail hasbeendrivenin at sometime or other, andmy fret-
saw will be injured if it comesin contactwith any of these. I have
thereforeto �nd a methodof doing the work that will not necessitate
my cutting throughany of thosesixteenpoints. How is it to be done?
Remember, theexactdimensionsof thetwo squaresmustbegiven.

The Two Horseshoes

Why horseshoesshould be con-
sidered"lucky" is one of those
things which no man can under-
stand. It is a very old super-
stition, and John Aubrey (1626-
1700) says,“Most housesat the
WestEndof Londonhaveahorse-
shoeon the threshold.” In Mon-
mouth Street there were seven-
teenin 1813 and seven so late as 1855. Even Lord Nelsonhad one
nailedto themastof theshipVictory. To-daywe�nd it moreconducive
to “good luck” to seethat they are securelynailed on the feet of the
horseweareaboutto drive.

Nevertheless,so far asthe horseshoe,like the Swastikaandotherem-
blemsthatI have hadoccasionat timesto dealwith, hasservedto sym-
bolizehealth,prosperity, andgoodwill towardsmen,we maywell treat
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it with acertainamountof respectfulinterest.May therenot,moreover,
besomeesotericor lostmathematicalmysteryconcealedin theform of
ahorseshoe?I havebeenlookinginto thismatter, andI wishto draw my
readers'attentionto thevery remarkablefactthatthepairof horseshoes
shown in my illustrationarerelatedin astrikingandbeautifulmannerto
thecircle,which is thesymbolof eternity. I presentthis factin theform
of a simpleproblem,sothat it maybeseenhow subtlythis relationhas
beenconcealedfor agesandages.My readerswill, I know, bepleased
whenthey �nd thekey to themystery.

Cutoutthetwo horseshoescarefullyroundtheoutlineandthencutthem
into four pieces,all differentin shape,thatwill �t togetherandform a
perfectcircle. Eachshoemustbecut into two piecesandall thepartof
thehorse's hoof containedwithin theoutlineis to beusedandregarded
aspartof thearea.

The Cardboard Chain

Can you cut this chain out of a
piece of cardboardwithout any
join whatever? Every link is
solid; without its having been
split andafterwardsjoinedat any
place.It is aninterestingold puzzlethatI learntasachild, but I haveno
knowledgeasto its inventor.

The Paper Box

It maybeinterestingto introduce
here,thoughit isnotstrictlyapuz-
zle,aningeniousmethodfor mak-
ing apaperbox.

Take a squareof stoutpaperand
bysuccessivefoldingsmakeall the
creasesindicatedby thedottedlines
in the illustration. Thencut away
theeightlittle triangularpiecesthat
are shaded,and cut through the
paperalong the dark lines. The
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secondillustrationshows thebox
half foldedup,andthereaderwill
have no dif�culty in effecting its
completion. Before folding up, the readermight cut out the circular
pieceindicatedin thediagram,for apurposeI will now explain.

This box will be found to serve
excellently for the productionof
vortex rings. Theserings, which
werediscussedby VonHelmholtz
in 1858,aremostinteresting,and
the box (with the hole cut out)
will producethemto perfection. Fill the box with tobaccosmoke by
blowing it gentlythroughthehole.Now, if youhold it horizontally, and
softly tap the sidethat is oppositeto the hole, an immensenumberof
perfectrings canbe producedfrom onemouthful of smoke. It is best
that thereshouldbeno currentsof air in theroom. Peopleoftendo not
realisethattheseringsareformedin theair whennosmokeis used.The
smoke only makes themvisible. Now, oneof theserings, if properly
directedon its course,will travel acrosstheroomandput out the�ame
of a candle,andthis feat is muchmorestriking if you canmanageto
do it without thesmoke. Of course,with a little practice,theringsmay
be blown from the mouth,but the box producesthemin muchgreater
perfection,andno skill whatever is required.Lord Kelvin propounded
thetheorythatmattermayconsistof vortex ringsin a �uid that �lls all
space,andby a developmentof the hypothesishe wasableto explain
chemicalcombination.

The Potato Puzzle

Take a circular slice of potato,
placeit on the table,andseeinto
how largeanumberof piecesyou
can divide it with six cuts of a
knife. Of courseyou must not
readjustthe piecesor pile them
after a cut. What is the greatest
numberof piecesyoucanmake?
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The SevenPigs

Here is a little puzzle that was
put to oneof thesonsof Erin the
otherday andperplexed him un-
duly, for it is really quiteeasy. It
will be seenfrom the illustration
that he was shown a sketch of a
squarepencontainingsevenpigs.
He was asked how he would in-
tersectthepenwith threestraight
fencesso asto encloseevery pig
in a separatesty. In otherwords,
all you have to do is to take your
pencil and,with threestraightstrokesacrossthe square,encloseeach
pig separately. Nothingcouldbesimpler.
The Irishmancomplainedthat the pigs would not keepstill while he
wasputtingup thefences.He saidthatthey would all �ock together, or
oneobstinatebeastwould go into a cornerand�ock all by himself. It
waspointedout to him thatfor thepurposesof thepuzzlethepigswere
stationary. HeansweredthatIrish pigsarenot stationery–they arepork.
Beingpersuadedto make theattempt,hedrew threelines,oneof which
cut througha pig. Whenit wasexplainedthat this is not allowed, he
protestedthata pig wasno useuntil you cut its throat. “Begorra,if it' s
baconyewantwithoutcuttingyourpig, it will beall gammon.” Wewill
not do the Irishmanthe injusticeof suggestingthat the miserablepun
wasintentional.However, hefailedto solve thepuzzle.Canyoudo it?
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The Land Owner'sFences

The landowner in the illustration
is consultingwith his bailiff over
a rather puzzling little question.
He hasa large plan of oneof his
�elds, in which thereare eleven
trees. Now, he wants to divide
the �eld into just eleven enclo-
suresby meansof straightfences,
sothatevery enclosureshallcon-
tain one tree as a shelterfor his
cattle. How is he to do it with as
few fencesaspossible?Takeyour
pencilanddraw straightlinesacrossthe�eld until youhave markedoff
theelevenenclosures(andnomore),andthenseehow many fencesyou
require.Of coursethefencesmaycrossoneanother.

The Wizard' sCats

A wizardplacedtencatsinsidea
magiccircleasshown in ourillus-
tration, and hypnotizedthem so
that they should remain station-
ary during his pleasure.He then
proposedto draw threecirclesin-
sidethe large one,so that no cat
could approachanothercat with-
outcrossingamagiccircle. Try to
draw the threecirclesso that ev-
ery cathasits own enclosureand
cannotreachanothercatwithoutcrossinga line.
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The Christmas Pudding

“Speaking of Christmas pud-
dings,” said the host, as he
glancedat the imposingdelicacy
attheotherendof thetable.“I am
remindedof the fact thata friend
gave me a new puzzle the other
day respectingone. Here it is,”
he added,diving into his breast
pocket.
“'Problem: To �nd the contents,'
I suppose,” saidtheEtonboy.
“No; theproofof thatis in theeating.I will readyou theconditions.”
“'Cut the pudding into two parts,eachof exactly the samesize and
shape,withouttouchingany of theplums.Thepuddingis to beregarded
asa �at disc,notasasphere.”'

“Why shouldyou regard a Christmaspuddingas a disc? And why
shouldany reasonablepersonever wish to make suchan accuratedi-
vision?” askedthecynic.

“It is justapuzzle–aproblemin dissection.” All in turnhadalook at the
puzzle,but nobodysucceededin solving it. It is a little dif�cult unless
you areacquaintedwith the principle involved in the makingof such
puddings,but easyenoughwhenyouknow how it is done.
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Various GeometricalPuzzles
“So variousarethetastesof men.”

MARK AKENSIDE

Drawing A Spiral

If you hold the pagehorizontally
andgive it a quick rotary motion
while looking at thecentreof the
spiral, it will appearto revolve.
Perhapsa goodmany readersare
acquaintedwith this little optical
illusion. But thepuzzleis to show
how I wasableto draw this spiral
with so muchexactitudewithout
usinganything but a pair of com-
passesand the sheetof paperon
which thediagramwasmade.How would you proceedin suchcircum-
stances?

St. GeorgeBanner

At a celebrationof the national
festival of St. George'sDay I was
contemplatingthefamiliarbanner
of the patronsaint of our coun-
try. We all know the red cross
on a white ground,shown in our
illustration. This is the banner
of St. George. The bannerof
St. Andrew (Scotland)is a white
“St. Andrew's Cross” on a blue
ground. That of St. Patrick (Ire-
land) is a similar crossin red on
a white ground. Thesethreeare
unitedin oneto form ourUnionJack.

Now on looking at St. George's bannerit occurredto me that the fol-
lowing questionwouldmakeasimplebut prettylittle puzzle.Supposing
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the�ag measuresfour feetby threefeet,how wide mustthearmof the
crossbeif it is requiredthatthereshallbeusedjust thesamequantityof
redandof whitebunting?

The Milkmaid Puzzle

Hereis alittle pastoralpuzzlethat
the readermay, at �rst sight, be
led into supposingis very pro-
found, involving deep calcula-
tions. He may even saythat it is
quite impossibleto give any an-
swerunlesswearetoldsomething
de�nite as to the distances.And
yet it is reallyquite“childlik eand
bland.”

In the cornerof a �eld is seena
milkmaid milking a cow, andon
the othersideof the �eld is the dairy wherethe extract hasto be de-
posited. But it hasbeennoticedthat the young womanalways goes
down to the river with her pail beforereturningto the dairy. Herethe
suspiciousreaderwill perhapsaskwhy shepaysthesevisits to theriver.
I canonly replythatit is nobusinessof ours.Theallegedmilk is entirely
for local consumption.

“Whereareyougoingto, my prettymaid?” “Down to theriver, sir,” she
said. “I' ll not chooseyour dairy, my prettymaid.” “Nobody axedyou,
sir,” shesaid.

If onehadany curiosityin thematter, suchanindependentspirit would
entirely disarmone. So we will passfrom the point of commercial
morality to thesubjectof thepuzzle.

Draw a line from themilking-stooldown to theriver andthenceto the
doorof thedairy, whichshallindicatetheshortestpossibleroutefor the
milkmaid. That is all. It is quiteeasyto indicatetheexactspoton the
bankof the river to which sheshoulddirect her stepsif shewantsas
shortawalk aspossible.Canyou �nd thatspot?
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The Ball Problem

A stonemasonwas engaged the
other day in cutting out a round
ball for thepurposeof somearchi-
tecturaldecoration,whena smart
schoolboy cameuponthescene.
“Look here,” said the mason,
“you seemto be a sharpyoung-
ster, can you tell me this? If
I placed this ball on the level
ground,how many otherballs of
the samesizecould I lay around
it (alsoon theground)sothateveryball shouldtouchthisone?”
Theboy atoncegavethecorrectanswer, andthenput this little question
to themason:–
“If thesurfaceof thatball containedjust asmany squarefeetasits vol-
umecontainedcubicfeet,whatwouldbethelengthof its diameter?”
Thestonemasoncouldnot give ananswer. Couldyou have repliedcor-
rectly to themason'sandtheboy's questions?

The Yorkshir eEstates

I was on a visit to one of the
large towns of Yorkshire. While
walking to the railway stationon
the day of my departurea man
thrust a hand-bill upon me, and
I took this into the railway car-
riageandreadit at my leisure. It
informedmethat threeYorkshire
neighbouringestateswere to be
offeredfor sale. Eachestatewas
squarein shape,and they joined one anotherat their corners,just as
shown in thediagram.EstateA containsexactly 370acres,B contains
116acres,andC 74acres.
Now, the little triangularbit of land enclosedby the threesquarees-
tateswasnot offeredfor sale,and,for no reasonin particular, I became
curiousasto theareaof thatpiece.How many acresdid it contain?
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Farmer Wurzel'sEstate

I will now presentanotherland
problem. The demonstrationof
the answerthat I shall give will,
I think, be foundboth interesting
andeasyof comprehension.
Farmer Wurzel owned the three
square �elds shown in the an-
nexed plan, containing respec-
tively 18,20,and26 acres.In or-
der to get a ring-fenceroundhis
propertyheboughtthefour interveningtriangular�elds. Thepuzzleis
to discoverwhatwasthenthewholeareaof hisestate.

The CrescentPuzzle

Hereis an easygeometricalpuz-
zle. The crescentis formed by
two circles, and C is the centre
of the largercircle. Thewidth of
the crescentbetweenB andD is
9 inches,andbetweenE andF 5
inches.Whatarethediametersof
thetwo circles?

The PuzzleWall

There was a small lake, around
which four poor men built their
cottages. Four rich men after-
wards built their mansions, as
shown in theillustration,andthey
wishedto have the lake to them-
selves,sothey instructedabuilder
to put up the shortestpossible
wall thatwouldexcludethecottagers,but givethemselvesfreeaccessto
thelake. How wasthewall to bebuilt?
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The Garden Walls

A speculative countrybuilder has
a circular �eld, on which he has
erectedfour cottages,as shown
in the illustration. The �eld is
surroundedby a brick wall, and
the owner undertook to put up
threeotherbrick walls,sothatthe
neighboursshould not be over-
lookedby eachother, but thefour
tenantsinsist that there shall be
nofavouritism,andthateachshall
have exactly the samelength of
wall spacefor his wall fruit trees.
Thepuzzleis to show how thethreewallsmaybebuilt sothateachten-
antshallhave thesameareaof ground,andpreciselythesamelengthof
wall.

Of course,eachgardenmustbe entirely enclosedby its walls, and it
mustbepossibleto prove thateachgardenhasexactly thesamelength
of wall. If thepuzzleis properlysolvedno �gures arenecessary.

Lady Belinda'sGarden

Lady Belinda is an enthusiastic
gardener. In theillustrationsheis
depictedin theactof worryingout
a pleasantlittle problemwhich I
will relate. One of her gardens
is oblongin shape,enclosedby a
high holly hedge,andsheis turn-
ing it into a rosaryfor thecultiva-
tion of someof herchoicestroses.
Shewantsto devote exactly half
of the areaof the gardento the
�o wers,in onelargebed,andthe
otherhalf to be a pathgoing all roundit of equalbreadththroughout.
Suchagardenis shown in thediagramat thefoot of thepicture.How is
sheto markout thegardenunderthesesimpleconditions?Shehasonly
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a tape,thelengthof thegarden,to do it with, and,astheholly hedgeis
so thick anddense,shemustmake all her measurementsinside. Lady
Belindadid notknow theexactdimensionsof thegarden,and,asit was
not necessaryfor her to know, I alsogive no dimensions.It is quite a
simpletasknomatterwhatthesizeor proportionsof thegardenmaybe.
Yet how many lady gardenerswould know just how to proceed?The
tapemaybequiteplain-thatis, it neednotbeagraduatedmeasure.

The TetheredGoat

Hereis alittle problemthatevery-
body shouldknow how to solve.
The goat is placedin a half-acre
meadow, that is in shapeanequi-
lateral triangle. It is tetheredto
a post at one cornerof the �eld.
What shouldbe the lengthof the
tether(to the nearestinch) in or-
der that the goatshall be able to
eatjust half thegrassin the�eld?
It is assumedthat the goat can
feedto theendof thetether.

Papa'sPuzzle

Hereis a puzzleby Pappus,who
livedat Alexandriaabouttheend
of the third century. It is the �fth
propositionin the eighthbook of
his MathematicalCollections. I
give it in theform thatI presented
it someyearsago underthe title
“Papa's Puzzle,” just to seehow
many readerswould discover that
it was by Pappushimself. “The
little maid's papahas taken two
different-sizedrectangularpieces
of cardboard,andhasclippedoff
a triangularpiecefrom oneof them,so thatwhenit is suspendedby a
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threadfrom thepointA it hangswith thelongsideperfectlyhorizontal,
asshown in theillustration.Hehasperplexedthechild by askingherto
�nd thepointA ontheothercard,soasto produceasimilar resultwhen
cut andsuspendedby a thread.” Of course,thepoint mustnot befound
by trial clippings. A curiousandprettypoint is involved in this setting
of thepuzzle.Canthereaderdiscover it?

How To MakeCisterns

Our friend in the illustration has
a large sheetof zinc, measuring
(beforecutting)eightfeetby three
feet, and he has cut out square
pieces(all of thesamesize)from
the four corners and now pro-
posesto fold up the sides,solder
theedges,andmakeacistern.But
thepoint thatpuzzleshim is this:
Hashecutoutthosesquarepieces
of thecorrectsizein orderthatthe
cisternmayhold thegreatestpossiblequantityof water?Yousee,if you
cut themverysmallyougetaveryshallow cistern;if youcut themlarge
you get a tall andslenderone. It is all a questionof �nding a way of
cuttingput thesefour squarepiecesexactly theright size. How arewe
to avoid makingthemtoosmallor too large?

The ConePuzzle

I have a woodencone,asshown
in Fig. 1. How amI to cut out of
it the greatestpossiblecylinder?
It will be seenthat I cancut out
onethat is long andslender, like
Fig. 2,or shortandthick, likeFig.
3. But neitheris thelargestpossi-
ble. A child could tell you where
to cut, if heknew therule. Canyou �nd thissimplerule?
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Concerning Wheels

Therearesomecuriousfactscon-
cerningthemovementsof wheels
thatareapt to perplex thenovice.
For example: when a railway
train is travelling from Londonto
Crewe certain parts of the train
at any given moment are actu-
ally moving from Crewe towards
London. Canyou indicatethose
parts? It seemsabsurdthat parts
of the sametrain canat any time
travel in oppositedirections,but
suchis thecase.

In the accompanying illustration
we have two wheels. The lower
one is supposedto be �x ed and
the upperone running round it in the direction of the arrows. Now,
how many timesdoestheupperwheelturn on its own axisin makinga
completerevolution of theotherwheel?Do not bein a hurry with your
answer, or you arealmostcertainto be wrong. Experimentwith two
pennieson thetableandthecorrectanswerwill surpriseyou,whenyou
succeedin seeingit.
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Measuring, Weighting, and
PackagingProblems

“Measurestill for measure.”
Measure for Measure, v. 1.

Apparentlythe �rst printedpuzzleinvolving the measuringof a given
quantityof liquid by pouringfrom onevesselto othersof known capac-
ity wasthatpropoundedbyNiccolaFontana,betterknownas“Tartaglia”
(thestammerer),1500-1559.It consistsin dividing 24 oz. of valuable
balsaminto threeequalparts,theonly measuresavailablebeingvessels
holding5, 11,and13 ouncesrespectively. Therearemany differentso-
lutionsto this puzzlein six manipulations,or pouringsfrom onevessel
to another. Bachetde Méziriac reprintedthis andotherof Tartaglia's
puzzlesin hisProblèmesplaisansetdélectables(1612).It is thegeneral
opinionthatpuzzlesof this classcanonly besolvedby trial, but I think
formulæcanbeconstructedfor thesolutiongenerallyof certainrelated
cases.It is apracticallyunexplored�eld for investigation.

The classicweighingproblemis, of course,that proposedby Bachet.
It entailsthe determinationof the leastnumberof weightsthat would
serve to weigh any integral numberof poundsfrom 1 lb. to 40 lbs.
inclusive,whenweareallowedto putaweightin eitherof thetwo pans.
Theansweris 1, 3, 9, and27 lbs. Tartagliahadpreviously propounded
thesamepuzzlewith theconditionthattheweightsmayonly beplaced
in onepan. The answerin that caseis 1, 2, 4, 8, 16, 32 lbs. Major
MacMahonhassolvedtheproblemquitegenerally. A full accountwill
befoundin Ball' sMathematicalRecreations(5thedition).

Packingpuzzles,in which we arerequiredto packa maximumnumber
of articlesof givendimensionsinto a box of known dimensions,are,I
believe,of quiterecentintroduction.At leastI cannotrecallany example
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in thebooksof theold writers. Onewould ratherexpectto �nd in the
toy shopstheideapresentedasamechanicalpuzzle,but I donot think I
have ever seensucha thing. Thenearestapproachto it would appearto
bethepuzzlesof thejig-saw character, wherethereis only onedepthof
thepiecesto beadjusted.

The Barr el Puzzle

The men in the illustration are
disputingover theliquid contents
of a barrel. What the particular
liquid is it is impossibleto say, for
weareunableto look into thebar-
rel; so we will call it water. One
man saysthat the barrel is more
thanhalf full, while the otherin-
siststhat it is not half full. What
is their easiestway of settlingthe
point? It is not necessaryto use
stick, string,or implementof any
kind for measuring. I give this
merelyasoneof the simplestpossibleexamplesof the valueof ordi-
narysagacity in thesolvingof puzzles.Whatareapparentlyvery dif�-
cult problemsmayfrequentlybesolvedin asimilarly easymannerif we
only usea little commonsense.

The Barr elsOf Honey

Once upon a time there was an
aged merchantof Bagdad who
was much respectedby all who
knew him. Hehadthreesons,and
it was a rule of his life to treat
themall exactly alike. Whenever
one received a present,the other
two wereeachgivenoneof equal
value. Oneday this worthy man
fell sickanddied,bequeathingall
his possessionsto his threesons
in equalshares.
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Theonly dif�culty thatarosewasover thestockof honey. Therewere
exactly twenty-onebarrels. The old manhadleft instructionsthat not
only shouldevery son receive an equalquantityof honey, but should
receive exactly the samenumberof barrels,andthat no honey should
be transferredfrom barrel to barrelon accountof the wasteinvolved.
Now, assevenof thesebarrelswerefull of honey, sevenwerehalf-full,
andseven wereempty, this wasfound to be quite a puzzle,especially
aseachbrotherobjectedto taking morethanfour barrelsof, the same
description-full,half-full, or empty. Canyou show how they succeeded
in makingacorrectdivisionof theproperty?
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ChineseMoney

As a ching-changis worth twopenceand four-�fteenths of a ching-
chang,theremainingeleven-�fteenthsof a ching-changmustbeworth
twopence. Thereforeeleven ching-changsare worth exactly thirty
pence,or half a crown. Now, the exchangemustbe madewith seven
round-holedcoinsandonesquare-holedcoin. Thusit will beseenthat7
round-holedcoinsareworth seven-eleventhsof 15 ching-changs,and1
square-holedcoin is worthone-eleventhof 16ching-changs—thatis, 77
roundsequal105ching-changsand11 squaresequal16 ching-changs.
Therefore77 roundsaddedto 11 squaresequal121 ching-changs;or
7 roundsand1 squareequal11 ching-changs,or its equivalent,half a
crown. This is moresimplein practicethanit lookshere.

ChangingPlaces

Therearethirty-six pairsof timeswhenthehandsexactlychangeplaces
betweenthreep.m. andmidnight. The numberof pairsof timesfrom
any hour(n) to midnightis thesumof 12� (n+ 1) naturalnumbers.In
thecaseof thepuzzlen = 3; therefore12 - (3 + 1) = 8 and1 + 2 + 3 + 4
+ 5 + 6 + 7 + 8 = 36, therequiredanswer.
The�rst pair of timesis 3 hr. 2157/143min. and4 hr. 16112/143min.,
andthe lastpair is 10 hr. 5983/143min. and11 hr. 54138/143min. I
will notgiveall theremainderof thethirty-six pairsof times,but supply
a formulaby which any of thesixty–ix pairsthatoccurfrom middayto
midnightmaybeatoncefound:—

ahr 720b+ 60a
143 min. andb hr. 720a+ 60b

143 min.

For the letter a may be substitutedany hour from 0, 1, 2, 3 up to 10
(wherenoughtstandsfor 12 o'clock midday);andb mayrepresentany
hour, laterthana,up to 11.
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By the aid of this formula thereis no dif�culty in discovering the an-
swerto the secondquestion:a = 8 andb = 11 will give the pair 8 hr.
58106/143min. and11 hr. 44128/143min., the latter beingthe time
whentheminutehandis nearestof all to thepoint IX–in fact,it is only
15/143of aminutedistant.

Readersmay�nd it instructive to make a tableof all thesixty-six pairs
of timeswhenthe handsof a clock changeplaces.An easyway is as
follows: Make a column for the �rst times and a secondcolumn for
thesecondtimesof thepairs. By makinga = 0 andb = 1 in theabove
expressionswe �nd the�rst case,andenterhr. 55/143min. at thehead
of the �rst column,and1 hr. 060/143min. at the headof the second
column. Now, by successively adding55/143min. in the �rst, and1
hr. 060/143min. in the secondcolumn,we get all the eleven pairsin
which the�rst time is acertainnumberof minutesafternought,or mid-
day. Thenthereis a "jump" in thetimes,but you can�nd thenext pair
by makinga = 1 andb = 2, andthenby successively addingthesetwo
timesasbeforeyouwill getall thetenpairsafter1 o'clock. Thenthereis
another“jump,” andyouwill beableto getby additionall theninepairs
after2 o'clock. And soon to theend.I will leave readersto investigate
for themselvesthenatureandcauseof the"jumps." In this way we get
underthesuccessive hours,11 + 10 + 9 + 8 + 7 + 6 + 5 + 4 + 3 + 2 +
1 = 66 pairsof times,which resultagreeswith the formula in the �rst
paragraphof thisarticle.

Sometime agothe principal of a Civil ServiceTraining College, who
conductsa “Civil ServiceColumn” in oneof the periodicals,had the
queryaddressedto him, “How soonafterXII o'clock will a clock with
both handsof the samelengthbe ambiguous?”His �rst answerwas,
“Sometime pastoneo'clock,” but he variedthe answerfrom issueto
issue.At lengthsomeof his readersconvincedhim that theansweris,
“At 55/143min. pastXII;” andthis he �nally gave ascorrect,together
with the reasonfor it that at that time the time indicatedis the same
whicheverhandyoumayassumeashourhand!

The Club Clock

The positionsof the handsshown in the illustration could only indi-
catethat theclock stoppedat 44 min. 511143

1427 sec.aftereleveno'clock.
Thesecondhandwouldnext be“exactlymidwaybetweentheothertwo

http://4DLab.info



Solutions 47

hands”at45min. 52 496
1427 sec.aftereleveno'clock. If wehadbeendeal-

ing with thepointson thecircle to which the threehandsaredirected,
theanswerwould be45 min. 22 106

1427 sec.aftereleven;but thequestion
appliedto the hands,and the secondhandwould not be betweenthe
othersat thattime,but outsidethem.

The StopWatch

Thetime indicatedon thewatchwas5 5
11 min. past9, whenthesecond

handwould be at 27 3
11 sec. The next time the handswould be similar

distancesapartwouldbe54 6
11 min. past2, whenthesecondhandwould

be at 32 8
11 sec. But you needonly hold the watch (or our previous

illustrationof it) in front of amirror, whenyouwill seethesecondtime
re�ected in it! Of course,whenre�ected,you will readXI asI, X asII,
andsoon.

The Silk Patchwork

Our illustration will show how
to cut the stitchesof the patch-
work so as to get the squareF
entire, and four equalpieces,G,
H, I, K, that will form a per-
fect Greekcross.Thereaderwill
know how to assemblethesefour
piecesfrom Fig. 13 in thearticle.

An EasyDissectionPuzzle

The solution to this puzzle is
shown in the illustration. Divide
the�gure upinto twelveequaltri-
angles,and it is easyto discover
thedirectionsof thecuts,asindi-
catedby thedarklines.

http://4DLab.info



48 SEL ECTED PUZZL ES

An EasySquarePuzzle

The diagramexplains itself, one
of the� ve pieceshaving beencut
in two to form asquare.

The Bun Puzzle

The secretof the bun puzzlelies
in the fact that, with the relative
dimensionsof thecirclesasgiven,
the three diameterswill form a
right-angledtriangle,asshown by
A, B, C. It follows that the two
smallerbunsareexactly equalto the large bun. Therefore,if we give
David andEdgar the two halvesmarked D andE, they will have their
fair shares-onequarterof theconfectioneryeach.Thenif we placethe
small bun, H, on the top of the remainingoneandtraceits circumfer-
encein the mannershown, Fred's piece,F, will exactly equalHarry's
small bun, H, with the additionof the piecemarked G–half the rim of
theother. Thuseachboy getsanexactly equalshare,andthereareonly
� vepiecesnecessary.

The ChocolateSquares

SquareA is left entire; the two
piecesmarked B �t togetherand
make a secondsquare; the two
piecesC makea third square;and
the four pieces marked D will
form thefourthsquare.

DissectingA Mitr e

Thediagramonthenext pageshows
how to cut into � vepiecesto form
a square.Thedottedlinesarein-
tendedtoshow how to �nd thepoints
C andF–theonly dif�culty . A B
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is half B D, andA E is parallelto B H. With thepointof thecompasses
at B describethe arc H E, andA E will be the distanceof C from B.
ThenF G equalsB C lessA B.

This puzzle–withthe addedcon-
dition thatit shallbecut into four
partsof thesamesizeandshape–
I have not beenable to trace to
anearlierdatethan1835.Strictly
speaking,it is, in that form, im-
possibleof solution;but I givethe
answerthat is always presented,
andthatseemsto satisfymostpeople.

The Joiner'sProblem

Nothing could be easierthan the
solutionof this puzzle–whenyou
know how to do it. And yet it is
apt to perplex the novice a good
deal if he wants to do it in the
fewestpossiblepieces–three.All
you have to do is to �nd thepoint
A, midway betweenB andC, andthencut from A to D andfrom A to
E. Thethreepiecesthenform asquarein themannershown. Of course,
theproportionsof theoriginal �gure mustbecorrect;thusthe triangle
BEF is just a quarterof thesquareBCDF. Draw linesfrom B to D and
from C to F andthiswill beclear.

Another Joiner'sProblem

The point was to �nd a gen-
eral rule for forming a perfect
squareoutof anothersquarecom-
binedwith a“right-angledisosce-
les triangle.” The triangle to
which geometricians give this
high-soundingnameis, of course,
nothing more or lessthan half a
squarethathasbeendividedfrom
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cornerto corner. Thepreciserelative proportionsof thesquareandtri-
angleareof no consequencewhatever. It is only necessaryto cut the
woodor materialinto � vepieces.

Supposeour original squareto beACLF in theabove diagramandour
triangleto betheshadedportionCED.Now, we�rst �nd half thelength
of thelong sideof thetriangle(CD) andmeasureoff this lengthat AB.
Thenwe placethetrianglein its presentpositionagainstthesquareand
make two cuts–onefrom B to F, andtheotherfrom B to E. Strangeas
it mayseem,that is all that is necessary!If we now remove thepieces
G, H, andM to their new places,asshown in the diagram,we get the
perfectsquareBEKF.

Takeany twosquarepiecesof paper, of differentsizesbutperfectsquares,
andcut thesmalleronein half from cornerto corner. Now proceedin
the mannershown, andyou will �nd that the two piecesmay be com-
binedto form a largersquareby makingthesetwo simplecuts,andthat
nopiecewill berequiredto beturnedover.

The remark that the triangle might be “a little larger or a good deal
smallerin proportion”wasintendedto barcaseswhereareaof triangle
is greaterthanareaof square. In suchcasessix piecesarenecessary,
andif triangleandsquareareof equalareathereis anobvioussolution
in threepieces,by simplycuttingthesquarein half diagonally.

A Cutting-out Problem

Theillustrationshows how to cut
thefourpiecesandformwith them
a square.First �nd thesideof the
square(themeanproportionalbe-
tweenthelengthandheightof the
rectangle),andthemethodis ob-
vious. If ourstrip is exactly in the
proportions9 � 1, or 16� 1, or 25� 1, we canclearly cut it in 3, 4,
or 5 rectangularpiecesrespectively to form a square.Excludingthese
specialcases,the generallaw is that for a strip in lengthmorethann2

timesthebreadth,andnot morethan(n+ 1)2 timesthebreadth,it may
becut in n+ 2 piecesto form a square,andtherewill ben� 1 rectan-
gularpieceslike piece4 in thediagram.Thus,for example,with a strip
24� 1, the lengthis morethan16 andlessthan25 timesthe breadth.
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Thereforeit canbe donein 6 pieces(n herebeing4), 3 of which will
be rectangular. In the casewheren equals1, the rectangledisappears
andwe geta solutionin threepieces.Within theselimits, of course,the
sidesneednotberational:thesolutionis purelygeometrical.

Mrs. Hobson'sHearthrug

As I gave full measurementsof
the mutilated rug, it was quite
an easy matter to �nd the pre-
cise dimensionsfor the square.
The two piecescut off would, if
placedtogether, make an oblong
piece12� 6, giving anareaof 72
(inchesor yards, as we please),
andas the original completerug measured36� 27, it hadan areaof
972. If, therefore,we deductthe piecesthat have beencut away, we
�nd that our new rug will contain972 less72, or 900; andas900 is
the squareof 30, we know that the new rug mustmeasure30� 30 to
be a perfectsquare.This is a greathelp towardsthe solution,because
wemaysafelyconcludethatthetwo horizontalsidesmeasuring30each
may be left intact. Thereis a very easyway of solving the puzzlein
four pieces,andalsoa way in threepiecesthat canscarcelybe called
dif�cult, but thecorrectansweris in only two pieces.

It will be seenthat if, after the cuts are made,we insert the teethof
thepieceB onetoothlower down, thetwo portionswill �t togetherand
form asquare.

The PentagonAnd The Square

A regular pentagonmay be cut
into asfew assix piecesthatwill
�t togetherwithout any turning
over andform a square,asI shall
show below. Hithertothebestan-
swer has been in seven pieces-
thesolutionproducedsomeyears
ago by a foreign mathematician,
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Paul Busschop. We �rst form a
parallelogram,and from that the
square.Theprocesswill beseenin thediagramon thenext page.The
pentagonis ABCDE. By thecutAC andthecutFM (F beingthemiddle
point betweenA andC, andM beingthe samedistancefrom A asF)
wegettwo piecesthatmaybeplacedin positionatGHEA andform the
parallelogramGHDC.We then�nd themeanproportionalbetweenthe
lengthHD andtheheightof theparallelogram.This distancewe mark
off from C at K, thendraw CK, andfrom G drop the line GL, perpen-
dicular to KC. The restis easyandratherobvious. It will beseenthat
thesix pieceswill form eitherthepentagonor thesquare.

I have received what purportedto be a solutionin � ve pieces,but the
methodwasbasedontherathersubtlefallacy thathalf thediagonalplus
half thesideof a pentagonequalsthesideof a squareof thesamearea.
I say subtle,becauseit is an extremelycloseapproximationthat will
deceive theeye, andis quitedif�cult to prove inexact. I amnot aware
thatattentionhasbeforebeendrawn to thiscuriousapproximation.

Anothercorrespondentmadethesideof hissquare11
4 of thesideof the

pentagon.As a matterof fact, the ratio is irrational. I calculatethat if
thesideof thepentagonis 1-inch,foot, or anything else–thesideof the
squareof equalareais 1.3117nearly, or sayroughly 13

10. Sowecanonly
hopeto solve thepuzzleby geometricalmethods.

The DissectedTriangle

DiagramA is our original trian-
gle. We will say it measures5
inches(or 5 feet) on eachside.
If we take off a slice at the bot-
tom of any equilateraltriangleby
a cut parallel with the base,the
portion that remainswill always
be an equilateraltriangle; so we
�rst cut off piece1 andget a tri-
angle3 incheson every side. The mannerof �nding directionsof the
othercutsin A is obviousfrom thediagram.
Now, if we wanttwo triangles,1 will beoneof them,and2, 3, 4, and5
will �t together, asin B, to form theother. If we want threeequilateral
triangles,1 will beone,4 and5 will form thesecond,asin C, and2 and

http://4DLab.info



Solutions 53

3 will form thethird, asin D. In B andC thepiece5 is turnedover; but
therecanbeno objectionto this,asit is not forbidden,andis in no way
opposedto thenatureof thepuzzle.

The Table-topAnd Stools

One object that I had in view
when presentingthis little puz-
zle was to point out the uncer-
tainty of the meaningconveyed
by theword“oval.” Thoughorigi-
nally derivedfrom theLatin word
ovum,anegg,yetwhatweunder-
standasthe egg-shape(with one
endsmallerthantheother)is only oneof many formsof theoval; while
someeggsaresphericalin shape,andasphereor circle is mostcertainly
not anoval. If we speakof anellipse–aconicalellipse–weareon safer
ground,but herewe mustbe carefulof error. I recollecta Liverpool
town councillor, many yearsago,whoseignoranceof thepoultry-yard
led him to substitutethe word “hen” for “fowl,” remarking,“We must
remember, gentlemen,thatalthougheverycockis ahen,everyhenis not
a cock!” Similarly, we mustalwaysnotethatalthoughevery ellipseis
anoval, everyoval is notanellipse.It is correctto saythatanoval is an
oblongcurvilinear�gure, having two unequaldiameters,andbounded
by a curve line returninginto itself; andthis includestheellipse,but all
other �gures which in any way approachtowardsthe form of an oval
without necessarilyhaving thepropertiesabove describedareincluded
in the term “oval.” Thusthe following solutionthat I give to our puz-
zle involvesthepointed“oval,” known amongarchitectsasthe“vesica
piscis.”
The dotted lines in the table are
given for greater clearness,the
cuts being madealong the other
lines. It will be seen that the
eight piecesform two stools of
exactly the samesize and shape
with similar hand-holes. These
holesarea tri�e longerthanthose
in the schoolmaster's stools, but
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they are much narrower and of considerablysmallerarea. Of course
5 and6 canbecutout in onepiece–also7 and8–makingonly six pieces
in all. But I wishedto keepthesamenumberasin theoriginal story.

WhenI �rst gave theabove puzzlein a Londonnewspaper, in competi-
tion, no correctsolutionwasreceived,but aningeniousandneatlyexe-
cutedattemptby a manlying in a Londonin�rmary wasaccompanied
by thefollowing note: “Having no compasseshere,I wascompelledto
improviseapairwith theaidof asmallpenknife,abit of �re woodfrom
a bundle,a pieceof tin from a toy engine,a tin tack,andtwo portions
of a hairpin,for points.They area fairly serviceablepair of compasses,
andI shallkeepthemasamementoof yourpuzzle.”

The GreatMonad

The areasof circles are to each
otherasthesquaresof theirdiam-
eters. If you have a circle 2 in.
in diameterandanother4 in. in
diameter, then one circle will be
four timesasgreatin areaasthe
other, becausethe squareof 4 is
four timesasgreatas the square
of 2. Now, if we referto Diagram
1, we seehow two equalsquaresmay be cut into four piecesthat will
form onelargersquare;from which it is self-evidentthatany squarehas
just half theareaof thesquareof its diagonal.In Diagram2 I have in-
troduceda squareasit oftenoccursin ancientdrawingsof theMonad;
which wasmy reasonfor believing that the symbolhadmathematical
meanings,sinceit will befoundto demonstratethefactthattheareaof
theouterring or annulusis exactly equalto theareaof theinnercircle.
CompareDiagram2 with Diagram1, andyouwill seethatasthesquare
of thediameterCD is doublethesquareof thediameterof theinnercir-
cle,or CE,thereforetheareaof thelargercircle is doubletheareaof the
smallerone,andconsequentlytheareaof theannulusis exactlyequalto
thatof theinnercircle. Thisanswersour �rst question.
In Diagram3 I show the simplesolutionto the secondquestion. It is
obviously correct,andmaybeprovedby thecuttingandsuperposition
of parts. Thedottedlineswill alsoserve to make it evident. The third
questionis solved by the cut CD in Diagram2, but it remainsto be
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provedthatthepieceF is reallyone-halfof theYin or theYan.This we
will do in Diagram4. ThecircleK hasone-quartertheareaof thecircle
containingYin andYan,becauseits diameteris justone-halfthelength.
Also L in Diagram3 is, we know, one-quarterthe area. It is therefore
evidentthatG is exactlyequalto H, andthereforehalf G is equalto half
H. So thatwhatF losesfrom L it gainsfrom K, andF mustbehalf of
Yin or Yan

The SquareOf Veneer

Any squarenumbermaybeexpressedasthesumof two squaresin an
in�nite numberof differentways. The solutionof the presentpuzzle
formsa simpledemonstrationof this rule. It is a conditionthatwe give
actualdimensions.
In this puzzleI ignoretheknown
dimensions of our square and
work on the assumptionthat it is
13n by 13n. The value of n we
canafterwardsdetermine.Divide
the squareas shown (where the
dotted lines indicatethe original
markings)into 169 squares. As
169is thesumof thetwo squares
144and25,wewill proceedto di-
vide the veneerinto two squares,measuringrespectively 12� 12 and
5� 5; andasweknow thattwo squaresmaybeformedfrom onesquare
by dissectionin four pieces,weseekasolutionin thisnumber. Thedark
lines in the diagramshow wherethe cutsareto be made. The square
5� 5 is cutoutwhole,andthelargersquareis formedfrom theremain-
ing threepieces,B, C, andD, which thereadercaneasily�t together.

Now, n is clearly 5
13 of aninch. Consequentlyour largersquaremustbe

60
13 in. � 60

13 in., andour smallersquare25
13 in. � 25

13 in. Thesquareof 60
13

addedto thesquareof 25
13 is 25. Thesquareis thusdivided into asfew

asfour piecesthat form two squaresof known dimensions,andall the
sixteennailsareavoided.

Hereis ageneralformulafor �nding two squareswhosesumshallequal
a givensquare,saya2. In thecaseof thesolutionof our puzzlep = 3,
q = 2, anda = 5.
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2pqa
p2 + q2 = x;

p
a2(p2 + q2)2 � (2pqa)2

p2 + q2 = y

Herex2 + y2 = a2.

The Two Horseshoes

The puzzle was to cut the two
shoes(including the hoof con-
tained within the outlines) into
four pieces,two pieceseach,that
would �t togetherandform aper-
fect circle. It wasalsostipulated
that all four piecesshouldbe different in shape. As a matterof fact,
it is a puzzlebasedon the principle containedin that curiousChinese
symboltheMonad.(SeeTheGreatMonad.)

Theabove diagramsgive thecorrectsolutionto theproblem.It will be
noticedthat1 and2 arecut into therequiredfour pieces,all differentin
shape,that �t togetherandform theperfectcircle shown in Diagram3.
It will furtherbeobservedthat thetwo piecesA andB of oneshoeand
thetwo piecesC andD of theotherform two exactly similar halvesof
thecircle–theYin andtheYanof thegreatMonad. It will beseenthat
the shapeof the horseshoeis more easily determinedfrom the circle
thanthedimensionsof thecircle from thehorseshoe,thoughthe latter
presentsno dif�culty when you know that the curve of the long side
of the shoeis part of the circumferenceof your circle. The difference
betweenB andD is instructive, andthe ideais usefulin all suchcases
whereit is a condition that the piecesmust be different in shape. In
forming D we simply addon a symmetricalpiece,a curvilinearsquare,
to thepieceB. Therefore,in giving eitherB or D a quarterturn before
placingin thenew position,apreciselysimilareffectmustbeproduced.

The Cardboard Chain

The readerwill probablyfeel re-
wardedfor any careandpatience
thathemaybestow oncuttingout
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thecardboardchain.Wewill sup-
posethat he hasa pieceof card-
boardmeasuring8 in. by 21

2 in., thoughthe dimensionsareof no im-
portance.Yet if you wanta long chainyou must,of course,take a long
stripof cardboard.First rulepencillinesB B andC C, half aninchfrom
theedges,andalsotheshortperpendicularlineshalf aninchapart.Rule
lineson theothersidein just thesameway, andin orderthatthey shall
coincideit is well to prick throughthe card with a needlethe points
wherethe short lines end. Now take your penknifeandsplit the card
from A A down to B B, andfrom D D upto C C. Thencut right through
thecardalongall theshortperpendicularlines,andhalf throughthecard
alongtheshortportionsof B B andC C thatarenot dotted. Next turn
thecardover andcut half throughalongtheshortlineson B B andC C
at theplacesthatareimmediatelybeneaththedottedlineson theupper
side. With a little carefulseparationof thepartswith thepenknife,the
cardboardmaynow bedividedinto two interlacingladder-likeportions,
asshown in Fig. 2; andif youcutawayall theshadedpartsyouwill get
thechain,cutsolidly outof thecardboard,withoutany join, asshown in
theillustrationsonpage27

It is aninterestingvariantof thepuzzleto cut out two keys on a ring-in
thesamemannerwithout join.

The Paper Box

It maybeinterestingto introducehere,thoughit is notstrictly apuzzle,
aningeniousmethodfor makingapaperbox.

Take a squareof stoutpaperand
by successive foldings make all
the creasesindicatedby the dot-
ted lines in the illustration. Then
cut away the eight little triangu-
lar pieces that are shaded,and
cut through the paperalong the
darklines.Thesecondillustration
shows theboxhalf foldedup,and
the readerwill have no dif�culty
in effectingits completion.Beforefolding up, thereadermight cut out
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the circular pieceindicatedin the diagram,for a purposeI will now
explain.

This box will be found to serve
excellently for the productionof
vortex rings. These rings, Pg
41which were discussedby Von
Helmholtz in 1858, are most in-
teresting,and the box (with the
holecut out) will producethemto perfection.Fill thebox with tobacco
smoke by blowing it gently throughthehole. Now, if you hold it hori-
zontally, andsoftly tapthesidethatis oppositeto thehole,animmense
numberof perfectringscanbeproducedfrom onemouthfulof smoke.
It is bestthat thereshouldbeno currentsof air in theroom. Peopleof-
tendo not realisethat theseringsareformedin theair whenno smoke
is used.Thesmoke only makesthemvisible. Now, oneof theserings,
if properlydirectedon its course,will travel acrossthe room andput
out the�ame of a candle,andthis featis muchmorestriking if you can
manageto do it without the smoke. Of course,with a little practice,
the ringsmaybeblown from themouth,but thebox producesthemin
muchgreaterperfection,andno skill whatever is required.Lord Kelvin
propoundedthetheorythatmattermayconsistof vortex ringsin a �uid
that �lls all space,andby a developmentof thehypothesishewasable
to explainchemicalcombination.

The Potato Puzzle

As many as twenty-two pieces
may be obtainedby the six cuts.
The illustration shows a pretty
symmetricalsolution.Therule in
suchcasesis that every cut shall
intersectevery other cut and no
two intersectionscoincide;that is
to say, every line passesthrough
every other line, but more than
two linesdonotcrossat thesamepointanywhere.Thereareotherways
of makingthe cuts,but this rule mustalwaysbe observed if we areto
getthefull numberof pieces.

http://4DLab.info



Solutions 59

Thegeneralformulais thatwith n cutswecanalwaysproducen(n+ 1)+ 1
2 .

Oneof theproblemsproposedby thelateSamLoyd wasto producethe
maximumnumberof piecesby n straightcutsthrougha solid cheese.
Of course,again, the piecescut off may not be moved or piled. Here
wehaveto dealwith theintersectionof planes(insteadof lines),andthe
generalformulais thatwith n cutswemayproduce((n� 1)n()n+ 1)

6 + n+ 1
pieces.It is extremelydif�cult to “see” thedirectionandeffectsof the
successivecutsfor morethana few of thelowestvaluesof n.

The SevenPigs

The illustration shows the direc-
tion for placingthethreefencesso
asto encloseevery pig in a sepa-
ratesty. The greatestnumberof
spacesthat canbe enclosedwith
threestraightlines in a squareis
seven,asshown in thelastpuzzle.
Bearingthis factin mind, thepuzzlemustbesolvedby trial.

The Land Owner'sFences

Four fencesonly arenecessary, as
follows:–

The Wizard' sCats

Theillustrationrequiresnoexpla-
nation. It shows clearly how the
threecirclesmaybedrawn sothat
everycathasaseparateenclosure,
and cannotapproachanothercat
withoutcrossinga line.
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The Christmas Pudding

The illustration shows how the
pudding may be cut into two
partsof exactly thesamesizeand
shape.Thelinesmustnecessarily
passthroughthe pointsA, B, C,
D, andE. But, subjectto thiscon-
dition, they may be varied in an
in�nite numberof ways. For ex-
ample,atapointmidwaybetween
A and the edge,the line may be
completedin an unlimited numberof ways(straightor crooked), pro-
vided it be exactly re�ected from E to the oppositeedge. And similar
variationsmaybeintroducedatotherplaces.

Drawing A Spiral

Make a fold in the paper, as
shown by thedottedline in theil-
lustration. Then, taking any two
points,asA andB, describesemi-
circlesonthelinealternatelyfrom
the centresB andA, beingcare-
ful to make theendsjoin, andthe
thingis done.Of coursethisis not
a truespiral,but thepuzzlewasto
producetheparticular spiralthatwasshown, andthatwasdrawn in this
simplemanner.

St. GeorgeBanner

As the �ag measures4 ft. by 3 ft., the length of the diagonal(from
cornerto corner)is 5 ft. All you needdo is to deducthalf thelengthof
thisdiagonal(21

2 ft.) from aquarterof thedistanceall roundtheedgeof
the�ag (31

2 ft.)–aquarterof 14 ft. Thedifference(1 ft.) is therequired
width of thearmof theredcross.Theareaof thecrosswill thenbethe
sameasthatof thewhiteground
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The Milkmaid Puzzle

Draw a straightline, asshown in
the diagram, from the milking-
stool perpendicularto the near
bank of the river, and continue
it to the point A, which is the
samedistancefrom that bank as
the stool. If you now draw the
straightline from A to the door of the dairy, it will cut the river at B.
Then the shortestroutewill be from the stool to B and thenceto the
door. Obviously theshortestdistancefrom A to thedoor is thestraight
line, andasthe distancefrom the stool to any point of the river is the
sameasfrom A to thatpoint, thecorrectnessof thesolutionwill proba-
bly appealto every readerwithoutany acquaintancewith geometry.

The Ball Problem

If a roundball is placedon the level ground,six similar balls may be
placedroundit (all ontheground),sothatthey shallall touchthecentral
ball.
As for the secondquestion,the ratio of the diameterof a circle to its
circumferencewe call pi; and thoughwe cannotexpressthis ratio in
exact numbers,we canget suf�ciently nearto it for all practicalpur-
poses.However, in this caseit is not necessaryto know thevalueof pi
atall. Because,to �nd theareaof thesurfaceof aspherewemultiply the
squareof thediameterby pi; to �nd thevolumeof aspherewemultiply
thecubeof thediameterby one-sixthof pi. Thereforewemayignorepi,
andhave merelyto seeka numberwhosesquareshall equalone-sixth
of its cube.This numberis obviously 6. Thereforetheball was6 ft. in
diameter, for the areaof its surfacewill be 36 timespi in squarefeet,
andits volumealso36 timespi in cubicfeet.

The Yorkshir eEstates

Thetriangularpieceof landthatwasnot for salecontainsexactlyeleven
acres. Of courseit is not dif�cult to �nd the answerif we follow the
eccentricandtricky tracksof intricatetrigonometry;or I might saythat
theapplicationof a well-known formulareducestheproblemto �nding
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one-quarterof the squareroot of (4 � 370� 116) � (370+ 116� 74)2

–that is a quarterof the squareroot of 1936,which is one-quarterof
44, or 11 acres. But all that the readerreally requiresto know is the
Pythagoreanlaw on which many puzzleshave beenbuilt, that in any
right-angledtrianglethesquareof thehypotenuseis equalto thesumof
thesquaresof theothertwo sides.I shalldispensewith all “surds” and
similarabsurdities,notwithstandingthefactthatthesidesof ourtriangle
areclearly incommensurate,sincewe cannotexactly extract thesquare
rootsof thethreesquareareas.
In the above diagramABC rep-
resentsour triangle. ADB is a
right-angledtriangle,AD measur-
ing 9 andBD measuring17, be-
causethe squareof 9 addedto
the squareof 17 equals370, the
known areaof thesquareon AB.
Also AEC is a right-angledtrian-
gle, andthe squareof 5 addedto
thesquareof 7 equals74, thesquareestateon A C. Similarly, CFB is a
right-angledtriangle,for thesquareof 4 addedto thesquareof 10equals
116,thesquareestateon BC. Now, althoughthesidesof our triangular
estateareincommensurate,wehave in thisdiagramall theexact�gures
thatweneedto discover theareawith precision.

Theareaof our triangleADB is clearlyhalf of 9� 17,or 761
2 acres.The

areaof AEC is half of 5 � 7, or 171
7 acres;the areaof CFB is half of

4� 10,or 20acres;andtheareaof theoblongEDFCis obviously4� 7,
or 28acres.Now, if weaddtogether171

2, 20,and28= 651
2, anddeduct

this sumfrom theareaof thelargetriangleADB (which we have found
to be761

2 acres),whatremainsmustclearlybetheareaof ABC. Thatis
to say, theareawewantmustbe761

2 � 651
2 = 11acresexactly.

Farmer Wurzel'sEstate

The areaof the completeestateis exactly onehundredacres. To �nd
thisanswerI usethefollowing little formula,

p
4ab� (a+ b+ c)2

4
;
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wherea, b, c representthe threesquareareas,in any order. The ex-
pressiongives the areaof the triangle A. This will be found to be 9
acres. It can be easily proved that A, B, C, and D are all equal in
area; so the answeris 26 + 20 + 18 + 9 + 9 + 9 + 9 = 100 acres.
Here is the proof. If every lit-
tle dottedsquarein the diagram
representsanacre,this mustbea
correctplan of the estate,for the
squaresof 5 and1 togetherequal
26; the squaresof 4 and2 equal
20; and the squaresof 3 and 3
addedtogetherequal18. Now we
seeatoncethattheareaof thetri-
angleE is 21

2, F is 41
2, andG is 4. Theseaddedtogethermake 11 acres,

which we deductfrom the areaof the rectangle,20 acres,andwe �nd
thatthe�eld A containsexactly 9 acres.If you wantto prove thatB, C,
andD areequalin sizeto A, divide themin two by a line from themid-
dle of the longestsideto theoppositeangle,andyou will �nd that the
two piecesin everycase,if cutout,will exactly �t togetherandform A.

Or we cangetour proof in a still easierway. Thecompleteareaof the
squareddiagramis 12� 12= 144acres,andtheportions1, 2, 3, 4, not
includedin theestate,havetherespectiveareasof 121

2, 171
2, 91

2, and41
2.

Theseaddedtogethermake 44, which, deductedfrom 144, leaves100
astherequiredareaof thecompleteestate.

The CrescentPuzzle

Referringto theoriginal diagram,let AC bex, let CD bex� 9, andlet
EC be x� 5. Thenx � 5 is a meanproportionalbetweenx� 9 andx,
from which we �nd thatx equals25. Thereforethediametersare50 in.
and41 in. respectively.

The PuzzleWall

The answergiven in all the old
booksis thatshown in Fig. 1,where
thecurvedwall shutsout thecot-
tagesfrom accessto thelake. But
in seekingthedirectionfor the“short-
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estpossible”wall mostreadersto-
day, rememberingthat the shortestdistancebetweentwo points is a
straightline, will adoptthemethodshown in Fig. 2. This is certainlyan
improvement,yet thecorrectansweris really thatindicatedin Fig. 3. A
measurementof the lines will show that thereis a considerablesaving
of lengthin thiswall

The Garden Walls

The puzzlewasto divide the cir-
cular�eld into four equalpartsby
threewalls,eachwall beingof ex-
actly the samelength. Thereare
two essentialdif�culties in this
problem.Theseare:(1) thethick-
nessof thewalls,and(2) thecon-
dition that thesewalls are three
in number. As to the �rst point,
sincewearetold thatthewallsarebrick walls,weclearlycannotignore
their thickness,while we have to �nd a solutionthatwill equallywork,
whetherthewallsbeof a thicknessof one,two, three,or morebricks.

The secondpoint requiresa little moreconsideration.How arewe to
distinguishbetweena wall andwalls?A straightwall withoutany bend
in it, no matterhow long, cannotever become“walls,” if it is neither
brokennor intersectedin any way. Also our circular �eld is clearlyen-
closedby onewall. But if it hadhappenedto beasquareor a triangular
enclosure,would thereberespectively four andthreewalls or only one
enclosingwall in eachcase?It is truethatwe speakof “the four walls”
of a squarebuilding or garden,but this is only a conventionalway of
saying“the four sides.” If you werespeakingof the actualbrickwork,
you would say, “I amgoingto enclosethis squaregardenwith a wall.”
Anglesclearlydonotaffect thequestion,for wemayhaveazigzagwall
just as well as a straightone, and the GreatWall of China is a good
exampleof a wall with plentyof angles.Now, if you look at Diagrams
1, 2, and3, you may be puzzledto declarewhetherthereare in each
casetwo or four new walls; but you cannotcall themthree,asrequired
in our puzzle.Theintersectioneitheraffectsthequestionor it doesnot
affect it.
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If youtie two piecesof string�rmly together, or splicethemin anautical
manner, they become“one pieceof string.” If you simply let themlie
acrossoneanotheror overlap,they remain“two piecesof string.” It is
all a questionof joining andwelding. It may similarly be held that if
two walls bebuilt into oneanother–I might almostsay, if they bemade
homogeneous–they becomeonewall, in which caseDiagrams1, 2, and
3 might eachbesaidto show onewall or two, if it beindicatedthatthe
four endsonly touch,andarenot reallybuilt into, theoutercircularwall

Theobjectionto Diagram4 is thatalthoughit shows thethreerequired
walls (assumingtheendsarenot built into theoutercircularwall), yet
it is only absolutelycorrectwhenweassumethewalls to haveno thick-
ness. A brick hasthickness,and thereforethe fact throws the whole
methodoutandrendersit only approximatelycorrect.

Diagram5 shows, perhaps,the only correctandperfectlysatisfactory
solution.It will benoticedthat,in additionto thecircularwall, thereare
threenew walls,which touch(andsoenclose)but arenot built into one
another. This solutionmaybeadaptedto any desiredthicknessof wall,
and its correctnessas to areaand length of wall spaceis so obvious
that it is unnecessaryto explain it. I will, however, just say that the
semicircularpieceof groundthateachtenantgivesto his neighbouris
exactly equalto thesemicircularpiecethathis neighbourgivesto him,
while any sectionof wall spacefoundin onegardenis preciselyrepeated
in all theothers.Of coursethereis anin�nite numberof waysin which
thissolutionmaybecorrectlyvaried.

Lady Belinda'sGarden

All thatLadyBelindaneeddowas
this: Sheshouldmeasurefrom A
toB, fold hertapein fourandmark
off thepoint E, which is thusone
quarterof the side. Then, in the
sameway, markoff thepoint F, one-fourthof thesideAD Now, if she
makesEG equalto AF, andGH equalto EF, thenAH is the required
width for the path in order that the bedshall be exactly half the area
of the garden. An exact numericalmeasurementcanonly be obtained
whenthesumof thesquaresof thetwo sidesis a squarenumber. Thus,
if thegardenmeasured12polesby 5 poles(wherethesquaresof 12and
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5, 144 and25, sumto 169, the squareof 13), then12 addedto 5, less
13, would equalfour, anda quarterof this, 1 pole,would be thewidth
of thepath.

The TetheredGoat

This problem is quite simple if
properlyattacked.Let ussuppose
thetriangleABC to representour
half-acre �eld, and the shaded
portionto bethequarter-acreover
which the goat will grazewhen
tetheredto the corner C. Now,
as six equalequilateraltriangles
placedtogetherwill form a regular hexagon,as shown, it is evident
that the shadedpastureis just one-sixthof the completeareaof a cir-
cle. Thereforeall we requireis the radius(CD) of a circle containing
six quarter-acresor 11

2 acres,which is equalto 9,408,960squareinches.
As weonly wantouranswer“to thenearestinch,” it is suf�ciently exact
for our purposeif we assumethat as1 is to 3.1416,so is the diameter
of a circle to its circumference.If, therefore,we divide thelastnumber
I gave by 3.1416,andextractthesquareroot,we �nd that1,731inches,
or 48 yards3 inches,is therequiredlengthof thetether“to thenearest
inch.”

Papa'sPuzzle

I have found that a large num-
berof peopleimaginethatthefol-
lowing is a correctsolutionof the
problem. Using the lettersin the
diagrambelow, they arguethat if
you make the distanceBA one-
third of BC,andthereforethearea
of therectangleABE equalto that
of the triangular remainder, the
cardmusthangwith the long sidehorizontal. Readerswill remember
the jestof CharlesII., who inducedtheRoyal Societyto meetanddis-
cussthereasonwhy thewaterin a vesselwill not rise if you put a live
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�sh in it; but in the middle of the proceedingsoneof the leastdistin-
guishedamongthemquietlyslippedoutandmadetheexperiment,when
he found that the water did rise! If my correspondentshad similarly
madetheexperimentwith a pieceof cardboard,they would have found
at oncetheir error. Area is onething, but gravitation is quite another.
Thefactof that trianglestickingits leg out to D hasto becompensated
for by additionalareain the rectangle. As a matterof fact, the ratio
of BA to AC is as1 is to the squareroot of 3, which latter cannotbe
givenin anexactnumericalmeasure,but is approximately1.732.Now
let us look at thecorrectgeneralsolution. Therearemany waysof ar-
riving at thedesiredresult,but theoneI give is, I think, thesimplestfor
beginners.

Fix yourcardonapieceof paperanddraw theequilateraltriangleBCF,
BF andCF beingequalto BC. Also mark off the point G so that DG
shallequalDC. Draw theline CGandproduceit until it cutstheline BF
in H. If wenow makeHA parallelto BE, thenA is thepoint from which
ourcutmustbemadeto thecornerD, asindicatedby thedottedline.

A curiouspoint in connectionwith this problemis thefact that thepo-
sition of thepoint A is independentof thesideCD. Thereasonfor this
is moreobvious in the solutionI have given thanin any othermethod
that I have seen,and(althoughtheproblemmaybesolvedwith all the
working on thecardboard)that is partly why I have preferredit. It will
beseenatoncethathowevermuchyoumayreducethewidth of thecard
by bringingE nearerto B andD nearerto C, theline CG,beingthedi-
agonalof asquare,will alwayslie in thesamedirection,andwill cutBF
in H. Finally, if youwishto getanapproximatemeasurefor thedistance
BA, all you have to do is to multiply thelengthof thecardby thedeci-
mal .366.Thus,if thecardwere7 incheslong,weget7� :366= 2:562,
or a little morethan2½inches,for thedistancefrom B to A.

But thereal joke of thepuzzleis this: We have seenthatthepositionof
thepointA is independentof thewidth of thecard,anddependsentirely
on the length. Now, in the illustration it will be found that both cards
have thesamelength;consequentlyall the little maidhadto do wasto
lay theclippedcardon top of theotheroneandmarkoff thepoint A at
preciselythesamedistancefrom thetop left-handcorner! So,afterall,
Pappus'puzzle,ashepresentedit tohislittle maid,wasquiteaninfantile
problem,whenhewasableto show herhow to performthefeatwithout
�rst introducingherto theelementsof staticsandgeometry.
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How To MakeCisterns

Hereisageneralformulafor solv-
ing this problem. Call the two
sides of the rectanglea and b.
Then

a+ b�
p

a2 + b2 � ab
6

equalsthesideof thelittle square
piecesto cut away. Themeasure-
mentsgiven were 8 ft. by 3 ft.,
andthe above rule gives8 in. as
thesideof thesquarepiecesthathave to becut away. Of courseit will
not alwayscomeout exact, as in this case(on accountof that square
root),but youcangetasnearasyou likewith decimals.

The ConePuzzle

Thesimplerule is thattheconemustbecutatone-thirdof its altitude.

Concerning Wheels

If you marka point A on thecir-
cumferenceof a wheel that runs
on thesurfaceof a level road,like
anordinarycart-wheel,thecurve
describedby that point will be a
commoncycloid, as in Fig. 1.
But if you mark a point B on the
circumferenceof the �ange of a
locomotive-wheel,the curve will
bea curtatecycloid, asin Fig. 2,
terminatingin nodes.Now, if we consideroneof thesenodesor loops,
we shallseethat“at any givenmoment”certainpointsat thebottomof
theloop mustbemoving in theoppositedirectionto thetrain. As there
is anin�nite numberof suchpointson the�ange'scircumference,there
mustbeanin�nite numberof theseloopsbeingdescribedwhile thetrain
is in motion. In fact,at any givenmomentcertainpointson the�anges
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arealwaysmoving in a directionoppositeto that in which the train is
going.

The Barr el Puzzle

All that is necessaryis to tilt the
barrelasin Fig. 1, andif theedge
of thesurfaceof thewaterexactly
touchesthelip a at thesametime
thatit touchestheedgeof thebot-
tom b, it will be just half full. To
be more exact, if the bottom is
an inch or so from the ground,
then we can allow for that, and
thethicknessof thebottom,at the
top. If whenthesurfaceof thewaterreachedthelip a it hadrisento the
point c in Fig. 2, thenit would bemorethanhalf full. If, asin Fig. 3,
someportionof thebottomwerevisible andthe level of thewaterfell
to thepointd, thenit wouldbelessthanhalf full.
Thismethodappliesto all symmetricallyconstructedvessels.

The Barr elsOf Honey

Theonly way in which thebarrelscouldbeequallydividedamongthe
threebrothers,so thateachshouldreceive his 31

2 barrelsof honey and
his7 barrels,is asfollows:–

Full Half-full Empty
A 3 1 3
B 2 3 2
C 2 3 2

Thereis oneotherway in which the division could be made,were it
not for theobjectionthatall thebrothersmadeto takingmorethanfour
barrelsof the samedescription. Exceptfor this dif�culty , they might
have givenB his quantityin exactly thesameway asA above,andthen
have left C onefull barrel,� ve half-full barrels,andoneemptybarrel.
It will thusbeseenthat in any casetwo brotherswould have to receive
theirallowancein thesameway.
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